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Abstract
We obtain an improved Kakeya maximal function estimate in R4 using a new geometric
argument called the planebrush. A planebrush is a higher dimensional analogue of Wolff’s
hairbrush, which gives effective control on the size of Besicovitch sets when the lines through
a typical point concentrate into a plane. When Besicovitch sets do not have this property, the
existing trilinear estimates of Guth-Zahl can be used to bound the size of a Besicovitch set. In
particular, we establish a maximal function estimate in R4 at dimension 3.059. As a consequence,
every Besicovitch set in R4 must have Hausdorff dimension at least 3.059.
1 Introduction
A Besicovitch set is a compact subset of Rn that contains a unit line segment pointing in every
direction. The Kakeya conjecture asserts that every Besicovitch set in Rn must have Hausdorff
dimension n. When n = 2 the conjecture was resolved by Davies [2], while in three and higher
dimensions the conjecture remains open. Additional background on the Kakeya problem can be
found in the surveys [6, 12].
The Kakeya maximal function conjecture is a slightly stronger and more technical version of the
Kakeya conjecture which concerns the volume of unions of long thin “tubes” pointing in different
directions. Stated precisely, the conjecture is as follows
Conjecture 1 (Kakeya maximal function conjecture). Let T be a set of δ-tubes in Rn that point
in δ-separated directions. Then for each d ≤ n and each ε > 0, there exists a constant Cε so that∥∥∥∑
T∈T
χT
∥∥∥
d/(d−1)
≤ Cε
(1
δ
)n/d−1+ε
. (1)
For a given value of n and d, the bound (1) implies that every Besicovitch set in Rn must have
Hausdorff dimension at least d. In particular, Conjecture 1 implies the Kakeya conjecture.
In this paper, we will make some partial progress towards to Kakeya maximal function conjecture
in R4. Specifically, we prove the following.
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Theorem 2. Let T be a set of δ-tubes in R4 that point in δ-separated directions. Then for each
ε > 0, there exists a constant Cε so that∥∥∥∑
T∈T
χT
∥∥∥
d/(d−1)
≤ Cε
(1
δ
)4/d−1+ε
, d = 3 +
1
600
(
√
17665− 97). (2)
In particular, every Besicovitch set in R4 has Hausdorff dimension at least 3 + 1600(
√
17665− 97) ≈
3.059.
The proof of Theorem 2 involves a new geometric ingredient, which we call the “planebrush”
argument. Recall that Wolff’s “hairbrush” argument from [11] hinges on the following geometric
observation: If T is a δ-tube in Rn, then Rn can be written as a union of ∼ δ1−n sets, each of which
is the δ-neighborhood of a plane containing the line coaxial with T ; we call these sets thickened
planes. Morally speaking, these thickened planes are disjoint, and if T ′ is a tube intersecting
T (say at angle comparable to 1), then T ′ must be contained in one of these thickened planes.
Co´rdoba’s two-dimensional Kakeya argument from [1] can then be applied to the tubes contained
in each thickened plane; the conclusion is that the tubes inside each thickened plane are essentially
disjoint. Thus the set of tubes intersecting a fixed tube T are essentially disjoint. If few tubes
intersect a typical tube T then the Besicovitch set must have large volume. On the other hand, if
many tubes intersect a typical tube T , then the Besicovitch set must also have large volume, since
the tubes intersecting T are all disjoint and contained in the Besicovitch set. When this argument
is made precise, it shows that every Besicovitch set in Rn must have Hausdorff dimension at least
n+2
2 .
The planebrush argument employs a similar idea, except instead of dividing Rn into thickened
planes, all of which contain a common tube, we will divide Rn into thickened 3-planes, all of
which contain a common thickened plane. The advantage of this approach is that a larger number
of tubes are contained in the resulting collection of thickened 3-planes. A disadvantage of this
approach is that the Kakeya problem in R3 remains open, so we do not have a nice analogue of
Co´rdoba’s argument. Despite this shortcoming, the planebrush argument can still yield superior
bounds compared to Wolff’s argument in certain special cases.
Theorem 2 improves upon the earlier result of Guth-Zahl, Zahl, and Katz-Rogers [3, 13, 5],
which established (1) for d = 3 + 1/40 = 3.0251.
1.1 Thanks
The authors would like to thank Keith Rogers and the anonymous referees for comments and
corrections on an earlier version of this manuscript.
2 Technical preliminaries and tools
2.1 Tubes, shadings, and refinements
Definition 3. A δ-tube is the δ-neighborhood of a unit line segment in R4. Every δ-tube has
measure ∼ δ3. We say that two δ-tubes are essentially identical if the 2-fold dilate of one of the
tubes contains the other. If two tubes are not essentially identical then we say they are essentially
distinct.
1Guth-Zahl [3] originally claimed (1) for d = 3 + 1/28, but that proof contained an arithmetic error that has since
been corrected; the correct bound established by that argument is 3 + 1/40.
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Definition 4. A δ-cube is a set of the form Q = [0, δ)4 + v, where v ∈ (δZ)4. Observe that the set
of all δ-cubes tile R4. The symbol Q will always refer to a δ-cube, so for example the expression∑
Q⊂A f(Q) will refer to a sum taken over all δ-cubes contained in the set A.
Definition 5. Let T be a δ-tube. A shading of T is a set Y (T ) that is a union of δ-cubes, each of
which intersect T . Let T be a set of δ-tubes; for each T ∈ T, let Y (T ) be a shading of T . We refer
to the pair (T, Y ) as a set of tubes and their associated shading.
For each δ-cube Q, define
TY (Q) = {T ∈ T : Q ⊂ Y (T )}.
We will sometimes write this as T(Q) if the shading Y is apparent from context. For each T ∈ T,
define
HY (T ) =
⋃
Q⊂Y (T )
TY (Q).
This set is called the hairbrush of T .
If (T, Y ) is a set of tubes and their associated shading, define Q(Y ) to be the set of δ-cubes
that are contained in at least one shading Y (T ) for some T ∈ T.
If (T, Y ) is a set of tubes and their associated shading, define
λY =
1
|T|
∑
T∈T
|Y (T )|
|T | ,
and define
µY =
1
|Q(Y )|
∑
Q∈Q(Y )
|TY (Q)|.
λY is the average shading density of a tube from (T, Y ), and µY is the average multiplicity of a
cube from Q(Y ) (i.e. the average number of tubes from (T, Y ) whose shading contains Q).
Definition 6 (Refinements). Let (T, Y ) be a set of tubes and their associated shading and let t > 0.
We say that a pair (T′, Y ′) is a t-refinement of (T, Y ) if T′ ⊂ T, Y ′(T ) ⊂ Y (T ) for each T ∈ T′,
and ∑
T∈T′
|Y ′(T )| ≥ t
∑
T∈T
|Y (T )|.
For example, if (T, Y ) is a set of tubes and their associated shading, then there exists a ∼
| log δ|−1-refinement (T′, Y ′) so that µY ′ ≤ |T′Y ′(Q)| ≤ 2µY ′ for all Q ∈ Q(Y ′). Since | log δ|−1-
refinements will frequently occur in our proof, sometimes we will abuse notation and simply refer
to them as refinements.
Observe that if (T′, Y ′) is a t-refinement of (T, Y ), then λY ′ ≥ tλY . Of course it is possible that
λY ′ might be much larger than λY .
2.2 Replacing sets with large homogeneous subsets
The following lemma is an abstract formulation of the “two-ends” reduction that is frequently used
when studying the Kakeya problem. In the following lemmas, we will apply this abstract version
to several concrete situations.
Lemma 7. Let (X, d) be a finite metric space of diameter at most one, and let ε > 0. Then there
exists a point x0 ∈ X and a radius r0 > 0 so that the following holds.
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• |X ∩B(x0, r0)| ≥ 12 |X|1−ε.
• For every x ∈ X and every r ≥ 1/|X|,
|B(x, r) ∩X ∩B(x0, r0)| ≤ 2(r/r0)ε|X ∩B(x0, r0)|. (3)
Proof. We will closely follow Tao’s argument from [10]. Consider the quantity
sup
B(x,r)
r−ε|X ∩B(x, r)|,
where the supremum is taken over all balls B(x, r) with x ∈ X and r ≥ 1/|X|. Since X is finite and
r ≥ 1/|X|, we have r−ε|X ∩B(x, r)| ≤ |X|1+ε, so the above supremum is finite. In particular, there
exists a ball B(x0, r0) with x0 ∈ X and r0 ≥ |X|−1 which comes within a factor of 2 of achieving
the supremum. With this choice of ball, we have r−ε0 |X ∩B(x0, r0)| ≥ 12(diam(X))−ε|X|, and thus
|X ∩B(x0, r0)| ≥ rε0|X| ≥ |X|1−ε.
Next, observe that for every x ∈ X and every r ≥ 1/|X|, we have
r−ε|B(x, r) ∩X ∩B(x0, r0)| ≤ r−ε|X ∩B(x, r)| ≤ 2r−ε0 |X ∩B(x0, r0)|,
which establishes (3).
Lemma 8. Let (X1, d1), . . . , (Xn, dn) be finite metric spaces of diameter at most one, each of which
have cardinality at most N . Fix ε > 0. Then there is a radius r0 > 0, a set of indices I ⊂ [n], and
a set of points {xi}i∈I so that
• |I| & n/ log2N .
• For every i ∈ I, xi ∈ Xi.
• For every i ∈ I, |Xi ∩B(xi, r0)| ≥ 14 |Xi|1−ε.
• For every i ∈ I and for every x ∈ Xi and every r > |Xi|−1,
|B(x, r) ∩X ∩B(xi, r0)| ≤ 8(r/r0)ε|Xi ∩B(xi, r0)|.
Proof. For each i = 1, . . . , n, apply Lemma 7 to (Xi, di) with ε as above, and let B(xi, ri) be the
resulting ball. Since 1N ≤ ri ≤ 1 for each index i, we can select a radius r0, an integer 1 ≤ N0 ≤ N ,
and a set I ⊂ [n] of cardinality |I| ≥ n/ log2 n so that 12r0 ≤ ri ≤ r0 and N0 ≤ |Xi| ≤ 2N0 for each
i ∈ I.
2.3 The two-ends reduction
Definition 9 (Two-ends condition). Let (T, Y ) be a set of δ-tubes and their associated shading.
We say that (T, Y ) is (ε1, C1)-two-ends if for all T ∈ T and all δ ≤ r ≤ 1, we have
|{Q : Q ⊂ Y (T ) ∩B(x, r)}| ≤ rε1C1λY δ−1 for all balls B(x, r). (4)
Remark 10. A virtue of Definition 9 is that it is preserved under refinements: If (T, Y ) is (ε1, C1)-
two-ends and if (T′, Y ′) is a t-refinement of (T, Y ), then (T′, Y ′) is (ε1, C1/t)-two-ends.
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The two-ends condition is valuable because collections of tubes satisfying the two-ends condition
can be easier to manipulate. At the same time, Kakeya estimates about collections of tubes
satisfying the two-ends condition can be upgraded to Kakeya estimates about general collections
of tubes. This procedure is known as the two-ends reduction, and we will describe it below.
For 0 ≤ d ≤ n, a > 0, and 0 ≤ b ≤ 1, define Assertion TE(d, a, b) to be the following statement:
Assertion TE(d, a, b). Let δ > 0 and let (T, Y ) be a set of δ-tubes in R4 pointing in δ-separated
directions and their associated shading. Suppose that (T, Y ) is (ε1, 100)-two-ends. Then for each
ε > 0, ∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cλaY δ4−d+ε(δ3|T|)b, (5)
where c > 0 is a constant that depends only on d, a, b, ε, and ε1.
Note that if Assertion TE(d, a, b) is true, then Assertion TE(d, a′, b) is also true for all a′ ≥ a.
The two-ends reduction says that Assertion TE(d, d, b) implies a Kakeya maximal function estimate
at dimension d.
Proposition 11 (The two-ends reduction). Suppose that TE(d, d, b) is true for some 1 ≤ d ≤ 4
and 0 ≤ b ≤ 1. Then for each ε > 0, there exists a constant cε so that the following holds. Let
(T, Y ) be a set of tubes pointing in δ-separated directions and their associated shading. Then∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cελdY δ4−d+ε(δ3|T|)b. (6)
Proof. Let (T1, Y1) be a refinement of (T, Y ) so that |Y1(T )|/|T | ∼ λY1 for each T ∈ T1. Write
T1 = {T1, . . . , Tn}. For each index i, define Xi to be the set of δ-cubes Q ⊂ Y1(T ), and define the
metric di on Xi, where the distance between two cubes to be the distance between their centers.
Let ε1 = ε/(4d) and apply Lemma 8 to the metric spaces (X1, d1), . . . , (Xn, dn) with this choice
of ε1. We obtain a set I ⊂ [n], a radius r0, and points {xi ∈ Xi, i ∈ I}. Define T2 = {Ti : i ∈ I},
and for each Ti ∈ T2, define Y2(T ) = Y1(T ) ∩B(xi, r). We have∑
T∈T2
|Y2(T )| ' δε1
∑
T∈T1
|Y1(T )| ' δε1
∑
T∈T
|Y (T )|.
Let T3 ⊂ T2 so that if we define Y3 to be the restriction of Y2 to T3, then (T3, Y3) is a refinement
of (T2, Y2) with |Y3(T )|/|T | ∼ λY3 for each T ∈ T3. Note that
λY3 =
1
|T3|
∑
T∈T3
|Y3(T )| ' δ−ε1λY |T|/|T3|. (7)
Let B be a set of finitely overlapping balls of radius 2r so that every ball of radius r is contained
in a ball from B. After pigeonholing, we can select a set B1 ⊂ B of disjoint balls so that∑
B∈B1
|{T ∈ T3 : Y3(T ) ⊂ B}| & |T3|. (8)
For each B ∈ B1, let TB = {T ∈ T3 : Y3(T ) ⊂ B}. Observe that for each B ∈ B1 and each T ∈ TB,
we have
|Y3(T )|/|T | ∼ λY3 ∼
1
|TB|
∑
T∈TB
|Y3(T )|/|T |.
5
For each B ∈ B1, let A : R3 → R3 be an affine map that sends B to the unit ball. For each
T ∈ TB, let T˜ be the image of T ∩ B under A, and let Y˜3(T ) be the image of Y3(T ) (which is the
same as the image of Y3(T ) ∩B). Note that λY˜3 ∼ λY3/r. Define δ˜ = δ/r and T˜B = {T˜ : T ∈ TB}.
Let T˜′B be a maximal subset of T˜B that point in δ/r-separated directions; we have
|T˜′B| & r3|T˜B| = r3|TB|,
and (T˜B, Y˜3) is (ε1, 100) two-ends. Applying Assertion TE(d, a, b), we conclude that there exists a
constant c′ > 0 so that ∣∣∣ ⋃
T∈T˜′B
Y˜3(T )
∣∣∣ ≥ c′δ˜ε/2λd
Y˜3
δ˜d(δ˜3|T˜′B|)b.
Since T˜′B ⊂ T˜B, we have
∣∣∣⋃T∈T˜′B Y˜3(T )∣∣∣ ≤ ∣∣∣⋃T∈T˜B Y˜3(T )∣∣∣. Undoing the linear transformation
A : R3 → R3, we conclude that∣∣∣ ⋃
T∈TB
Y3(T )
∣∣∣ & r4c′δ˜ε/2λd
Y˜3
δ˜4−d(δ˜3|T˜′B|)b
& r4c′(δ/r)ε/2(λY3/r)d(δ/r)4−d
(
(δ/r)3(r3|TB|)
)
)b
' c′δε/2λdY3δ
4−d(δ3|TB|)b.
(9)
Summing over all B ∈ B1 and noting that b ≤ 1, we have∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ ∑
B∈B1
∣∣∣ ∑
T∈TB
Y3(T )
∣∣∣
'
∑
B∈B1
c′δε/2λdY3δ
4−d(δ3|TB|)b
' c′δε/2λdY3δ
4−d(δ3 ∑
B∈B1
|TB|
)b
' c′δε/2
(
δε1λY |T|/|T3|
)d
δ4−d(δ3|T3|)b
= c′δε/2+ε1dλdY δ
4−d(δ3|T|)b(|T|/|T3|)d−b
= c′δ(3/4)ελdY δ
4−d(δ3|T|)b.
(10)
On the last line we used the fact that d ≥ 1 and b ≤ 1, so d− b ≥ 0 (and |T|/|T3| ≤ 1). Thus if we
select c > 0 sufficiently small, we have∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cδελdY δ4−d(δ3|T|)b.
Remark 12. For simplicity, we stated and proved the two-ends reduction for collections of tubes
in R4. However, the same proof works in all dimensions. Note as well that the two-ends reduction
also works for collections of tubes that satisfy the Wolff axioms. The only thing to verify is that a
suitable choice for the refined set T˜′B in the above proof exists, and satisfies the Wolff axioms; this
is easy to construct (for example, select each tube at random with probability rd−1, where d is the
dimension). This observation will be useful in Appendix B below.
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2.4 The robust transversality reduction
Definition 13 (Robust transversality). Let (T, Y ) be a set of tubes and their associated shading.
We say that (T, Y ) is (ε2, C2)-robustly transverse if for all δ-cubes Q, all vectors v, and all δ ≤ 1,
we have the following bound on the number of tubes passing through Q and making small angle r
with v, for any r with δ < r < 1.
|{T ∈ TY (Q) : ∠(v(T ), v) ≤ r}| ≤ rε2C2µY . (11)
Assertion RT(d, a, b). Let δ > 0 and let (T, Y ) be a set of δ-tubes in R4 pointing in δ-separated
directions and their associated shading. Suppose that (T, Y ) is (ε1, C1)-two-ends and (ε2, 100)-
robustly transverse. Then for each ε > 0,∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cλaY C−C/ε11 δ4−d+ε(δ3|T|)b, (12)
where C = C(d, a, b) is a constant that depends only on d, a, and b, and c > 0 is a constant that
depends only on d, a, b, ε, ε1, and ε2 (in particular, both constants are independent of δ).
Note that if Assertion RT(d, a, b) is true, then Assertion RT(d, a, b′) is also true for all b′ ≥ b.
Proposition 14. Suppose that Assertion RT(d, a, b) is true for some 1 ≤ d ≤ 4, a ≥ 0, and
4−d
3 ≤ b ≤ 1. Then Assertion TE(d, a, b) is true.
Proof. Fix ε > 0 and let (T, Y ) be a set of δ-tubes and their associated shading that is (ε1, C1)-
two-ends. Let (T1, Y1) be a refinement of (T, Y ) so that |T1(Q)| ∼ µY1 for all Q ∈ Q(Y1). Since
(T, Y ) is (ε1, C1)-two-ends, we also have |Y (T )|/|T | ≤ C1λY for each T ∈ T, and thus
|T1| ' C1/ε11 |T|. (13)
Write Q(Y1) = {Q1, . . . , Qn}. For each index i, define Xi = {v(T ) : T ∈ T1(Qi)}. We identify
Xi with a subset of S
3, and let di be the metric on Xi induced by the usual metric on S
3.
Let ε2 > 0 be sufficiently small so that
5ε2 + Cε2/ε1 ≤ ε/4, (14)
where C = C(d, a, b) is the constant from (12).
Apply lemma 8 to the metric spaces (X1, d1), . . . , (Xn, dn). We obtain a number δ ≤ r ≤ 1; a
set I ⊂ [n], and vectors {vi ∈ Xi, i ∈ I}. Define Q′ = {Qi : i ∈ I}; define T2 = T1; and for each
T ∈ T2, define Y2(T ) to be the union of cubes
{Q ⊂ Y1(T ) : Q ∈ Q′, ∠(v(T ), vQ) ≤ 2r}
(here vQ is the vector vi ∈ Xi described above, where i is the index corresponding to Q). We have∑
T∈T2
|Y2(T )| ' δε2
∑
T∈T1
|Y1(T )| ' δε2
∑
T∈T
|Y (T )|.
Let S be a set of essentially distinct 10r-tubes so that whenever two tubes T, T ′ ∈ T2 satisfy
Y2(T ) ∩ Y2(T ′) 6= ∅, there exists a 10r tube from S that contains T and T ′. Since the tubes in S
are essentially distinct, each tube T ∈ T2 is contained in O(1) tubes from S. By pigeonholing, we
can select a set S ′ ⊂ S so that the sets
{T ∈ T2 : T ∈ S}S∈S′
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are disjoint, ∑
S∈S′
|{T ∈ T2 : T ⊂ S}| ' |T2|,
and
λS :=
1
|{T ∈ T2 : T ⊂ S}|
∑
T∈T2
T⊂S
|Y2(T )|/|T | ' δε2λ for each S ∈ S ′.
For each S ∈ S ′, let F be a linear map sending S to a set F (S) that contains B(0, 1/2) and is
contained in B(0, 2). Define δ˜ = δ/s, define
T˜S = {F (T ) : T ∈ T2, T ⊂ S},
and define Y˜S(T˜ ) = F (Y2(T )). Note that the sets in T˜S are not technically δ˜ tubes, but they
contain a O(1)-dilate of a δ˜ tube and are contained in a O(1) dilate of a δ˜ tube. We will abuse
notation slightly and refer to them as δ˜ tubes. Similarly, Y˜S(T ) is not a union of δ˜ cubes. However,
this minor technicality will not affect our estimates below.
For each T ∈ T˜S we have |Y˜S(T˜ )|/|T˜ | ∼ |Y2(T )|/|T |, and thus
1
|T˜S |
∑
T˜∈T˜S
|Y˜S(T˜ )|/|T˜ | ' δε2λY . (15)
Observe that for each S ∈ S ′, we have that (T˜S , Y˜S) is (ε1, δ−ε2C1)-two-ends and (ε2, 100)-
robustly transverse.
By Assertion RT(d, a, b), there exists a constant c′ > 0 so that∣∣∣ ⋃
T˜∈T˜S
Y˜S(T˜ )
∣∣∣ ≥ c′(C1δ−ε2)−C/ε1 δ˜ε/2(δε2λY )aδ˜4−d(δ˜3|T˜S |)b,
and thus ∣∣∣ ⋃
T∈T2
T⊂S
Y2(T )
∣∣∣ ' c′δε/2+aε2+Cε2/ε1r3λaY (δ/r)4−d((δ/r)3|{T ∈ T2 : T ⊂ S}|)b
' c′δε/2+aε2+Cε2/ε1λaY δ4−d
(
δ3|{T ∈ T2 : T ⊂ S}|
) 4−d
3 ,
(16)
where on the second line we used the fact that r ≤ 1 and b ≥ 4−d3 , so rd−4−3b ≥ 1. Summing over
S ∈ S ′ and using (13) and the fact that b ≤ 1 and a ≤ 4, we conclude∣∣∣ ⋃
T∈T2
Y2(T )
∣∣∣ ' c′δε/2+4ε2+Cε2/ε1λaY δ4−d(δ3|T2|)b
' c′δε/2+5ε2+Cε2/ε1λaY δ4−d(δ3|T|)b
' c′δ(3/4)ελaY δ4−d(δ3|T|)b,
(17)
where on the last line we used (14). Thus If c > 0 is selected sufficiently small, then∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cδεC−C/ε11 λaY δ4−d(δ3|T|)b.
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3 Previous Kakeya-type estimates in R4
3.1 Wolff’s hairbrush estimate
In [11], Wolff proved new Kakeya maximal function estimates using a geometric argument called
the “hairbrush” argument. We will recall a consequence of Wolff’s hairbrush argument. The
formulation presented here is described in [9], and our proof below follows the arguments from [9].
Theorem 15. Assertion RT(3, 2, 1/2) is true.
Proof. Let ε1 > 0, ε2 > 0, and ε > 0. We need to prove that there exists an absolute constant C
and a constant c = c(ε, ε1, ε2) > 0 so that whenever (T, Y ) is a set of direction-separated δ-tubes
that is (ε1, C1)-two-ends and (ε2, 100)-robustly transverse, we have∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cλ2Y C−C/ε11 δ1+ε(δ3|T|)1/2. (18)
Let (T, Y ) be a set of direction-separated δ-tubes that is (ε1, C1)-two-ends and (ε2, 100)-robustly
transverse. Without loss of generality, we can assume that |TY (Q)| ∼ µY for each cube Q ∈
Q(Y ); indeed, since (T, Y ) is (ε2, 100)-robustly transverse, this additional assumption can always
be obtained after a harmless ∼ 1-refinement of (T, Y ).
By Cauchy-Schwarz, we have
|{(T,Q,Q′) : T ∈ T, Q,Q′ ⊂ Y (T )}| & δ−2λ2Y |T|.
On the other hand, since (T, Y ) is (ε1, C1)-two-ends, we have that if the constant c1 is chosen
sufficiently small then
|{(T,Q,Q′) : T ∈ T, Q,Q′ ⊂ Y (T ), dist(Q,Q′) ≤ c1/C1/ε11 }| ≤
1
2
|{(T,Q,Q′) : T ∈ T, Q,Q′ ⊂ Y (T )}|.
Fixing such a c1, we have
|{(T,Q,Q′) : T ∈ T, Q,Q′ ⊂ Y (T ), dist(Q,Q′) > c1/C1/ε11 }| & δ−2λ2Y |T|.
Since (T, Y ) is (ε2, 100)-robustly transverse, and |TY (Q)| ∼ µY for each cube Q ∈ Q(Y ), we have
that for each of the triples (T,Q,Q′) described above, there is a small constant c2 > 0 (depending
on ε2) so that there are & µY tubes T ′ ∈ TY (Q′) with ∠(v(T ), v(T ′)) ≥ c2. In particular, if we
define
A = {(T,Q, T ′, Q′) : T ∈ T, Q,Q′ ⊂ Y (T ), dist(Q,Q′) > c1/C1/ε11 , ∠(v(T ), v(T ′)) ≥ c2},
then
|A| & δ−2λ2Y µY |T|.
Thus by pigeonholing, there is a tube T0 ∈ T so that there are & δ−2λ2Y µY triples (T,Q,Q′) with
the property that (T,Q, T0, Q
′) ∈ A. With this choice of T0 fixed, define
B = {(T,Q,Q′) : (T,Q, T0, Q′) ∈ A}.
Observe that if T ∈ T and Q ⊂ Y (T ), then there are . 1 cubes Q′ so that (T,Q,Q′) ∈ A. this is
because any such tube must intersect T ∩ T0, and ∠(T, T0) ≥ c2. Define
C = {(T,Q) : (T,Q,Q′) ∈ B for some cube Q′}.
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We have |C| & δ−2λ2Y µY . Define
D = {Q : (T,Q) ∈ C for some tube T}.
We claim that
|D| & δ−2| log δ|−1λ2Y µY . (19)
Indeed, this follows from Wolff’s hairbrush argument, which we will briefly recap here. Let Πi, i =
1, . . . , δ−2 be a set of planes in R4 with the following three properties.
• Each plane Πi contains the line L0 coaxial with T0.
• Every δ-tube intersecting T0 is contained in the 2δ neighborhood of at least one of these
planes.
• The 2δ-neighborhoods of the planes are boundedly overlapping far from L0. More precisely,
for each t > δ the sets {N2δ(Πi)\Nt(L0)} are . 1 + 1/t overlapping.
Note that there is a number t & c1c2/C1/ε11 so that dist(Q,L0) ≥ t for all Q ∈ D. Thus if we define
Ci = {(T,Q) ∈ C : T ⊂ N2δ(Πi)},
and
Di = {Q : (T,Q) ∈ Ci for some tube T},
then C = ⋃i Ci, D = ⋃iDi, and ∣∣∣ ⋃
Q∈C
Q
∣∣∣ & C−1/ε11 ∑
i
∣∣∣ ⋃
Q∈Ci
Q
∣∣∣, (20)
where the implicit constant depends on c1 and c2. Thus our task is to estimate
∣∣∣⋃Ci Q∣∣∣ for each
index i.
Define
Ti = {T : (T,Q) ∈ Ci for some cube Q}.
For each T ∈ Ti, define the shading Yi(T ) to be the union of those cubes Q ∈ Di with (T,Q) ∈ Ci.
Since each cube has volume δ4, we have∑
i
∑
T∈Ti
|Yi(T )| ≥ δ4|C| & δ2λ2Y µY .
By dyadic pigeonholing, we can select a set of indices I ⊂ {1, . . . , δ−2}; for each index i ∈ I,
there is a set of tubes T′i ⊂ Ti, and for each T ∈ Ti, a sub-shading Y ′i (T ) ⊂ Yi(T ), so that each
of the sets of tubes Ti, i ∈ I contains the same number of tubes (call this number N), and each
shading Y ′i (T ) contains the same number of cubes (call this number M). Since each cube has
volume δ4, we have
|I|δ4NM =
∑
i∈I
∑
T∈T′i
|Y ′i (T )| ≥ | log δ|−3δ2λ2Y µY . (21)
Inequality (21) lower bounds the average number of cubes contained in each shading Y ′i (T ). Thus
by Cauchy-Schwarz, we have
M ≥ | log δ|−3δ−1λY . (22)
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Each tube in T′i is contained in N2δ(Πi), so in particular Co´rdoba’s two-dimensional Kakeya
argument from [1] implies that ∫
R4
( ∑
T∈Ti
χY ′i (T )
)2
. | log δ|δ3|T′i|
= | log δ|δ3N.
By Cauchy-Schwarz, we conclude that∣∣∣ ⋃
Q∈Ci
Q
∣∣∣ ≥ ∣∣∣ ⋃
T∈T′i
Y ′i (T )
∣∣∣
&
( ∑
T∈T′i
|Y ′i (T )|
)2/(| log δ|δ3N)
= | log δ|−1δ5NM2.
Summing in i, we have ∑
i
∣∣∣ ⋃
Q∈Ci
Q
∣∣∣ & |I|| log δ|−1δ5NM2. (23)
Combining (20), (21), (22), and (23), we conclude that∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ ∣∣∣ ⋃
Q∈C
Q
∣∣∣
& C−1/ε11 | log δ|−7λ3Y µY δ2.
(24)
On the other hand, we have
µY
∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ = ∑
T∈T
|Y (T )| = λY (δ3|T|).
Thus ∣∣∣ ⋃
T∈T
Y (T )
∣∣∣2 & C−1/ε11 | log δ|−7λ4Y δ2(δ3|T|),
which implies (18).
Remark 16. Observe that the power of λ and of (δ3|T|) in (18) is better than one would expect from
a Kakeya maximal function estimate in R4 at dimension 3 (indeed, one would expect a bound of
the form λ3δ(δ3|T|)1/3. This improved dependence on λ and the cardinality of T is possible because
(T, Y ) satisfies the two-ends and robust transversality conditions. One must be careful with esti-
mates such as (18) because they are not preserved under the two-ends and/or robust transversality
reduction described in Propositions 11 and 14.
This superior dependence on λ and the cardinality of T will be crucial for our arguments,
because later in the proof we will prove an estimate that is similar to (18), except it will have better
dependence on δ and worse dependence on λ and the cardinality of T; we will then interpolate this
estimate with (18).
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3.2  Laba-Tao’s X-ray estimate
We recall Theorem 1.2 from [8]:
Theorem 17. Let T be a set of essentially distinct δ-tubes in R4. Suppose that for each vector v,
there are at most m tubes from T with ∠(v, v(T )) ≤ δ. Then for each ε > 0, there is a constant Cε
so that ∥∥∥∑
T∈T
χT
∥∥∥
3/2
≤ Cεδ− 13−εm 536 (δ3|T|) 79 . (25)
It will be more convenient for us to phrase this result as a multiplicity bound on unions of tubes.
Corollary 18. Let (T, Y ) be a set of essentially distinct δ-tubes and their associated shading, and
let Ω ⊂ S3 be a δ-separated set. Define m = |T|/|Ω|. Suppose that each tube from T points in a
direction from Ω, and ∼ m tubes from T point in each direction from Ω. Suppose |TY (Q)| ≤ 10µY
for all Q ∈ Q(Y ). Then
µY ≤ Cελ−2δ−1−εm3/4(δ3|Ω|)1/3. (26)
Proof. Since |TY (Q)| ≤ 10µY for all Q ∈ Q(Y ), there exists a set X ⊂
⋃
T∈T Y (T ) that is a union of
δ-cubes, with |X|µY & λY (δ3|T|) so that |TY (Q)| & µY for each cube Q ⊂ X. Applying Theorem
17 with ε/2 in place of ε, we conclude that there exists a constant C = C(ε) so that
|X|2/3µY ∼
∥∥∥∑
T∈T
χT
∥∥∥
3/2
≤ Cδ− 13−ε/3m 536 (δ3|T|) 79 ,
and thus
µY ≤ C3δ−1−εm 512 (δ3|T|) 13
= C3δ−1−εm
3
4 (δ3|Ω|) 13 .
3.3 Guth-Zahl’s Trilinear Kakeya estimate
In [3], Guth and the second author proved a trilinear Kakeya-type estimate for collections of δ-tubes
satisfying the generalized Wolff axioms. A set of tubes is said to satisfy the Wolff axioms if not too
many tubes from the set can concentrate into the thickened neighborhood of an affine subspace.
A set of tubes is said to satisfy the generalized Wolff axioms if not too many tubes from the set
can concentrate into the thickened neighborhood of an algebraic variety, or more generally a semi-
algebraic set. In [13] and [5], the second author, and independently Rogers and the first author
showed that collections of direction-separated tubes satisfy these requirements2. By combining the
results of [3] with [5] or [13], we obtain the following trilinear Kakeya-type bound.
Theorem 19 (Trilinear Kakeya in R4). For each  > 0, there exists a constant C so that the
following holds. Let T be a set of δ-tubes in R4 that point in δ-separated directions. Then∫ ( ∑
T1,T2,T3∈T
χT1 χT2 χT3 |v1 ∧ v2 ∧ v3|12/13
)13/27 ≤ Cδ−1/3−(δ3|T|)4/3, (27)
where in the above expression vi is the direction of the tube Ti.
2In [13], the second author proved a slightly weaker statement, but this statement is nonetheless sufficient for
what follows.
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Corollary 20. For each  > 0, there exists a constant C so that the following holds. Let (T, Y )
be a set of δ-tubes in R4 that point in δ-separated directions and their associated shading. Suppose
that for each Q ∈ QY (T ), we have
|{(T1, T2, T3) ∈ TY (Q) : |v1 ∧ v2 ∧ v3| ≥ θ}| ≥ s|TY (Q)|3.
Then ∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cεδεs9/4λ13/4Y δ3/4θ(δ3|T|)1/4. (28)
Proof. After refining (T, Y ), we can suppose that |TY (Q)| ∼ µY for each Q ∈ QY (T ). Then
δ4|Q(Y )|(µ3Y θ12/13)13/27
∼
∑
Q∈QY (T )
|Q| (|TY (Q)|3 θ12/13)13/27
∼
∑
Q∈QY (T )
|Q| s−1(|{T1, T2, T3 ∈ TY (Q) : |v1 ∧ v2 ∧ v3| ∼ θ}| θ12/13)13/27
≤ s−1
∑
Q∈QY (T )
|Q|( ∑
T1,T2,T3∈TY (Q)
|v1 ∧ v2 ∧ v3|12/13
)13/27
≤ s−1
∫ ( ∑
T1,T2,T3∈T
χT1 χT2 χT3 |v1 ∧ v2 ∧ v3|12/13
)13/27
≤ Cs−1δ−1/3−(δ3|T|)4/3.
(29)
Rearranging, we get
µ13Y ≤ C9ε s−9δ−3−9εθ−4(δ4|Q(Y )|)−9(δ3|T|)12.
Since µY |
⋃
T∈T Y (T )| ≈ λY (δ3|T|) and δ4|Q(Y )| ∼ |
⋃
T∈T Y (T )|, we have
λ−13Y (δ
3|T|)13|
⋃
T∈T
Y (T )|−13 ≤ C9ε s−9δ−3−9εθ−4|
⋃
T∈T
Y (T )|−9(δ3|T|)12.
Re-arranging, we obtain (28).
Equivalently, we get a pointwise bound
|TY (Q)| / λ−9/4s−9/4θ−1δ−3/4(δ3|T|)3/4 for all Q ∈ Q(Y ). (30)
Corollary 20 gives us a good bound if θ is large. If θ is small, then for a typical cube Q ∈ Q(Y ),
most of the tubes intersecting Q will either all point in roughly the same direction, or they will be
contained in the thin neighborhood of a plane. Section 5 will be devoted to handling this type of
situation.
4 Quantitative transversality
4.1 Concentration and non-concentration in planes
Definition 21 (Planyness). Let (T, Y ) be a set of δ-tubes and their associated shading. We say
that (T, Y ) is plany if for each δ-cube Q, there is a plane Π(Q) so that for all T ∈ TY (Q) we have
∠(v(T ),Π(Q)) . δ.
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Definition 22. Let (T, Y ) be a set of plany δ-tubes and their associated shading. Let δ ≤ p ≤ 1.
We say that (T, Y ) is (ε3, C3)-robustly contained in the p neighborhood of planes if for each tube
T ∈ T, there exists a plane Π(T ) containing the line coaxial with T so that
• ∠(Π(Q),Π(T )) ≤ p for each Q ⊂ Y (T ).
• For every plane Π containing the line coaxial with T and for every s > δ, we have
|{Q ⊂ Y (T ) : ∠(Π(Q),Π) ≤ s}| ≤ (s/p)ε3C3λY δ−1. (31)
Lemma 23. Let (T, Y ) be a set of plany δ-tubes and their associated shading. Let ε3 > 0. Then
there is a number δ ≤ p ≤ 1 and a / δε3-refinement (T′, Y ′) of (T, Y ) that is (ε3, 100)-robustly
contained in the p neighborhood of planes.
Proof. For each T ∈ T, define p(T ) to be the largest value of s achieving the supremum below:
sup
δ≤s≤1
sup
Π∈Grass(2;4)
T coaxial with Π
|{Q ⊂ Y (T ) : ∠(Π,Π(Q)) ≤ s}|
sε3
.
Setting s = 1 we have
sup
Π∈Grass(2;4)
T coaxial with Π
|{Q ⊂ Y (T ) : ∠(Π,Π(Q)) ≤ 1}|
1ε3
= |{Q : Q ⊂ Y (T )}|,
and thus
sup
Π∈Grass(2;4)
T coaxial with Π
|{Q ⊂ Y (T ) : ∠(Π,Π(Q)) ≤ p(T )}| & p(T )ε3 |{Q : Q ⊂ Y (T )}|.
Let Π(T ) be a plane coaxial with T that satisfies
|{Q ⊂ Y (T ) : ∠(Π(T ),Π(Q)) ≤ p(T )}| ≥ 1
2
p(T )ε3 |{Q : Q ⊂ Y (T )}|.
Define
Y1(T ) =
⋃
{Q ⊂ Y (T ) : ∠(Π(T ),Π(Q)) ≤ p(T )}.
Observe that
∑
T∈T |Y1(T )| ' δε3
∑
T∈T |Y (T )|.
After dyadic pigeonholing, we can select a number p so that∑
T∈T
p(T )∼p
|Y1(T )| ' δε3
∑
T∈T
|Y (T )|.
Finally, we can select a refinement (T′, Y ′) of (T, Y1) so that |Y ′(T )|/|T | ∼ λY ′ for each T ∈ T′.
We thus have that (T′, Y ′) is a ≈ δε3-refinement of (T, Y ); for each T ∈ T′ there is a plane Π(T )
so that ∠(Π(Q),Π(T )) ≤ p for each Q ⊂ Y ′(T ); and for each plane Π coaxial with T , we have the
estimate
|{Q ⊂ Y ′(T ) : ∠(Π(Q),Π) ≤ s}| ≤ 100(s/p)ε3λY ′δ−1.
If a set of tubes is robustly contained in planes, then this set of tubes breaks into non-interacting
pieces.
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Lemma 24. Let (T, Y ) be a set of tubes that is (ε3, 100)-robustly contained in the p neighborhood
of planes. Then there is a number t & 1 and a t-refinement (T′, Y ) of (T, Y ) so that T′ admits a
partition
T′ =
K⊔
i=1
Ti
satisfying the following properties.
• For each index i, the tubes in Ti are contained in the . p neighborhood of a plane Πi. For
each T ∈ Ti, we have that ∠(Π(T ),Πi) ≤ p.
• If T, T ′ ∈ T′ with Y (T ) ∩ Y (T ′) 6= ∅, then T and T ′ are contained in the same set Ti.
Proof. By the triangle inequality, if T, T ′ ∈ T with Y (T ) ∩ Y (T ′) 6= ∅, then
∠(Π(T ),Π(T ′)) ≤ ∠(Π(T ),Π(Q)) + ∠(Π(T ′),Π(Q)) ≤ 2p,
where Q is any cube contained in Y (T ) ∩ Y (T ′). Let G be the set of all affine planes in R4 that
intersect the unit ball. Define
dist(Π,Π′) = ∠(Π,Π′) + dist
(
Π ∩B(0, 1), Π′ ∩B(0, 1)).
dist(·, ·) defines a metric on G. Note that if Y (T ) ∩ Y (T ′) 6= ∅, then dist(Π(T ),Π(T ′)) ≤ 2p.
Consider the set of all balls of radius p contained in G. Select a set of balls B1, . . . , BK of radius
2p so that the 2-fold dilates of these balls are disjoint, and
K∑
i=1
∑
T∈T
Π(T )∈Bi
|Y (T )| &
∑
T∈T
|Y (T )|.
Define Ti = {T ∈ T : Π(T ) ∈ Bi}. Since dist(Π(T ),Π(T ′)) > 2p and thus Y (T ) ∩ Y ′(T )) = ∅
whenever T and T ′ come from different sets Ti, we have that the sets {Ti}Ki=1 are disjoint. Define
T′ =
⋃K
i=1 Ti. We have that if T, T ′ ∈ T′ with Y (T )∩ Y (T ′) 6= ∅, then T and T ′ must be contained
in the same set Ti.
Note that since ∠(Π(T ),Πi) ≤ p for each T ∈ Ti, we might as well take Π(T ) = Πi; after we
do this then each set Ti will be (ε3, 21/ε3100)-robustly contained in the 2p neighborhood of planes.
Combining the above two results, we obtain the following.
Corollary 25. Let (T, Y ) be a set of plany δ-tubes and their associated shading. Let ε3 > 0. Then
there is a number δ ≤ p ≤ 1 and a ≈ δε3-refinement (T′, Y ′) of (T, Y ) so that T′ admits a partition
T′ =
K⊔
i=1
Ti,
where
• For each index i the tubes in Ti are (ε3, C3)-robustly contained in the p neighborhood of planes,
where C3 = 2
1/ε3100.
• For each index i, the tubes in Ti are contained in the . p neighborhood of a plane Πi. For
each T ∈ Ti, we have Π(T ) = Πi.
• If T, T ′ ∈ T′ with Y (T ) ∩ Y (T ′) 6= ∅, then T and T ′ are contained in the same set Ti.
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4.2 Concentration and non-concentration in 3-planes
Definition 26. Let (T, Y ) be a set of essentially distinct plany δ-tubes and their associated shading
and let δ ≤ σ ≤ 1. We say that (T, Y ) is (ε4, C4)-robustly contained in the σ neighborhood of
3-planes if for each tube T ∈ T, there exists a 3-plane Σ(T ) containing the line coaxial with T so
that
• ∠(Π(Q),Σ(T )) ≤ σ for each Q ⊂ Y (T ).
• For every 3-plane Σ containing the line coaxial with T and for every s > 0, we have
|{Q ⊂ Y (T ) : ∠(Π(Q),Σ) ≤ s}| ≤ (s/σ)ε3C3λY δ−1.
Lemma 27. Let (T, Y ) be a set of plany δ-tubes and their associated shading and let ε4 > 0. Then
there is a number δ ≤ σ ≤ 1 and a ∼ δε4-refinement (T′, Y ′) of (T, Y ) so that |Y ′(T )|/|T | ∼ λY ′
for all T ∈ T′, and (T, Y ) is (ε4, 100)-robustly contained in the σ neighborhood of 3-planes.
The proof of Lemma 27 is almost identical to the proof of Lemma 23, so we will omit it.
4.3 Uniqueness of Π(T ) and Σ(T )
Suppose that (T, Y ) is a set of plany δ-tubes and their associated shading that is (ε3, C3) contained
in the p neighborhood of planes and (ε4, C4) contained in the σ neighborhood of 3-planes, for
some δ ≤ σ ≤ p . 1. If T ∈ T and Y (T ) is non-empty, then the plane Π(T ) is unique (up to
uncertainty ∼ p) in the following sense: if Π is a plane containing the line coaxial with T and
satisfying ∠(Π(Q),Π) ≤ p for at least one cube Q ⊂ Y (T ), then ∠(Π,Π(T )) . p. The question of
whether Σ(T ) is similarly unique is slightly more subtle. For example, if p = σ, then Σ(T ) is far
from unique; every 3-plane containing Π(T ) would be an equally valid candidate for Σ(T ). While
Σ(T ) might not be unique, the intersection of suitable neighborhoods of Π(T ) and Σ(T ) is unique.
The next lemma and its corollary will make this statement precise.
Lemma 28. Let 0 < q ≤ p . 1. Let Π ⊂ R4 be a plane, let Σ,Σ′ ⊂ R4 be 3-planes containing Π.
Let
W = {v ∈ S3 : ∠(v,Π) ≤ p, ∠(v,Σ) ≤ q,∠(v,Σ′) ≤ q}.
Then for each 1 ≤ A ≤ p/(4q), at least one of the two following things must hold.
(A): There is a plane Π0 ⊂ R4 containing the origin so that W is contained in the p/A neighborhood
of Π.
(B): We have the containments
{v ∈ S3 : ∠(v,Π) ≤ p, ∠(v,Σ) ≤ q} ⊂ {v ∈ S3 : ∠(v,Π) ≤ p, ∠(v,Σ′) ≤ 6Aq}, (32)
{v ∈ S3 : ∠(v,Π) ≤ p, ∠(v,Σ′) ≤ q} ⊂ {v ∈ S3 : ∠(v,Π) ≤ p, ∠(v,Σ) ≤ 6Aq}. (33)
Proof. We will show that if Item (A) is false, then (33) is true. Since Item (A) is symmetric in Σ
and Σ′, an identical argument shows that if Item (A) is false, then (32) is true,
Without loss of generality, we can assume that
Π = {(x, y, z, w) ∈ R4 : z = w = 0},
Σ = {(x, y, z, w) ∈ R4 : w = 0},
Σ′ = {(x, y, z, w) ∈ R4 : az + bw = 0},
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where (a, b) is a unit vector. Then
W = {(x, y, z, w) ∈ R4 : |(x, y, z, w)| = 1, |z| < p, |w| < q, |az + bw| < q}.
We will consider two cases.
Case 1. a > 2Aq/p. Then
W ⊂ {(x, y, z, w) ∈ R4 : |(x, y, z, w)| = 1, |z| < p, |w| < q, |z| < 2q/|a|}
⊂ {(x, y, z, w) ∈ R4 : |(x, y, z, w)| = 1, |w| < q, |z| < p/A},
so Item (A) holds.
Case 2. a ≤ 2Aq/p. Since p/(4q), we have a < 1/2 and thus b ≥ 1/2. Thus
{v ∈ S3 : ∠(v,Π) ≤ p, ∠(v,Σ′) ≤ q}
= {(x, y, z, w) ∈ R4 : |(x, y, z, w)| = 1, |z| < p, |w| < p, |az + bw| < q}
⊂ {(x, y, z, w) ∈ R4 : |(x, y, z, w)| = 1, |z| < p, |w| < 2(2A+ 1)q}.
Since A ≥ 1, (33) holds.
Corollary 29. Let δ ≤ q ≤ p . 1 and let (T, Y ) be a set of plany δ-tubes and their associated shad-
ing that is (ε3, C3) contained in the p neighborhood of planes. Let T ∈ T and let t ≥ C3(p/8q)−ε3.
Let Σ,Σ′ be 3-planes containing the line coaxial with T and suppose that
|{Q ⊂ Y (T ) : ∠(Π(Q),Σ) ≤ q, ∠(Π(Q),Σ′) ≤ q}| ≥ tλY δ−1.
Then
{v ∈ S3 : ∠(v,Π(T )) ≤ p, ∠(v,Σ) ≤ q} ⊂ {v ∈ S3 : ∠(v,Π(T )) ≤ 2p, ∠(v,Σ′) ≤ 13(C3/t)1/ε3q},
{v ∈ S3 : ∠(v,Π(T )) ≤ p, ∠(v,Σ′) ≤ q} ⊂ {v ∈ S3 : ∠(v,Π(T )) ≤ 2p, ∠(v,Σ) ≤ 13(C3/t)1/ε3q}.
(34)
Proof. Without loss of generality, we can assume that the line coaxial with T passes through
the origin. Since t ≥ δ/λY , there is at least one cube Q0 ⊂ Y (T ) with ∠(Π(Q0),Σ) ≤ q and
∠(Π(Q0),Σ′) ≤ q. Let Σ1 (resp. Σ′1) be a 3-plane containing Π(Q0) with ∠(Σ,Σ1) ≤ q (resp.
∠(Σ,Σ′1) ≤ q). Note as well that since (T, Y ) is (ε3, C3) contained in the p neighborhood of planes,
we have ∠(Π(T ),Π(Q0)) ≤ p.
Apply Lemma 28 to Π(Q0),Σ1, and Σ
′
1, with p and q as above and A = 2(C3/t)
1/ε3 (the
hypothesis t ≥ C3(p/8q)−ε3 ensures that A ≤ p/(4q)). We see that Item (A) cannot hold, since if
it did, then there would exist a plane Π0 so that
|{Q ⊂ Y (T ) : ∠(Π(Q),Π0) ≤ p/A}| ≥|{Q ⊂ Y (T ) : ∠(Π(Q),Σ) ≤ q, ∠(Π(Q),Σ′) ≤ q}|
≥ tλY δ−1,
but this contradicts the estimate
|{Q ⊂ Y (T ) : ∠(Π(Q),Π0) ≤ p/A}| ≤ C3A−ε3λY δ−1
< tλyδ
−1.
We conclude that Item (B) must hold, i.e.
{v ∈ S3 : ∠(v,Π(Q0) ≤ p, ∠(v,Σ1) ≤ q} ⊂ {v ∈ S3 : ∠(v,Π(Q0)) ≤ p, ∠(v,Σ′1) ≤ 12(C3/t)1/ε3q},
{v ∈ S3 : ∠(v,Π(Q0)) ≤ p, ∠(v,Σ′1) ≤ q} ⊂ {v ∈ S3 : ∠(v,Π(Q0)) ≤ p, ∠(v,Σ1) ≤ 12(C3/t)1/ε3q}.
(35)
Since ∠(Π(Q0),Π(Q)) ≤ p, ∠(Σ,Σ1) ≤ q, and ∠(Σ′,Σ′1) ≤ q, (35) implies (34).
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5 The Planebrush argument
In this section, we will use the “planebrush argument” to show that unions of plany θ-tubes must
have large volume. The key geometric argument of the planebrush will be encapsulated in Lemma
30 below, which is quite technical. Lemma 30 is then used to prove Proposition 32, which is a
version of the lemma that removes some of the technical assumptions.
Up until this point, we have referred to δ-tubes, δ-cubes, etc. In this section, we will use the
parameter θ, and we will refer to θ-tubes, θ-cubes, etc. In later sections, we will simultaneously
consider a Besicovitch set at two scales, δ and θ, with 0 < δ << θ << 1. The results from this
section will be applied at scale θ.
Lemma 30. Let 0 < θ < 1. Let 0 < ε3 < ε2 < ε1 < 1. Let Ω ⊂ S3 be a set of θ-separated
directions. Let (T, Y ) be a set of essentially distinct plany θ-tubes and their associated shading.
Suppose that
• There are ∼ |T|/|Ω| tubes from T pointing in each direction v ∈ Ω.
• (T, Y ) is (ε1, C1)-two-ends.
• (T, Y ) is (ε2, C2)-robustly-transverse.
• There exists a plane whose p neighborhood contains every tube from T.
• (T, Y ) is (ε3, C3)-robustly contained in the p neighborhood of planes.
Then for each ε > 0, there is a constant c > 0 (depending on ε, ε1, ε2, and ε3) so that∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cC−1/ε11 C−2/ε22 C−1/ε33 θελ4/3Y θ2/3(θ3|Ω|)1/3(θ3|T|)2/3. (36)
Remark 31. It might seem suspicious that the quantity p appears in the hypothesis of Lemma 30
but does not appear in the conclusion. However, the quantity p is implicitly present in (36), since
we always have the bound |Ω| . p2θ−3.
Proof. Fix a choice of ε > 0. Define ε4 = ε/C0, where C0 is a large constant (depending on ε1, ε2,
and ε3) that will be chosen later. Apply Lemma 27 to (T, Y ) with this choice of ε4; let σ and
(T1, Y1) be the output from this lemma. We have that (T1, Y1) is a θε4-refinement of (T, Y ), and
(T1, Y1) is (ε4, 100)-robustly contained in the σ neighborhood of 3-planes. Furthermore, we have
that
|{Q : Q ⊂ Y1(T )}| ∼ θ−1|Y1(T )|/|T | ∼ λY1θ−1 for all T ∈ T1. (37)
Note that
λY1 ≥ θε4λY , and µY1 ≥ θε4µY .
Let R1 be the set of all quintuples (Q,T,Q′, T ′, Q′′) with
• T, T ′ ∈ T1.
• Q,Q′ ⊂ Y1(T ).
• T ′ ∈ T1(Q′).
• Q′′ ⊂ Y1(T ′).
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We will estimate the size of R1. For each cube Q′ ∈ Q(Y1), there are ∼ |T1(Q′)|2 pairs of tubes
T, T ′ ∈ T1(Q′). By (37) we have that for each such pair, there are ∼ θ−1λY1 cubes Q ⊂ Y1(T ) and
∼ θ−1λY1 cubes Q′′ ⊂ Y1(T ′). Thus for each Q′ ∈ Q(Y1), there are ∼ |T1(Q′)|2θ−2λ2Y1 quintuples
(Q,T,Q′, T ′, Q′′) with that choice of Q′. Summing over the cubes in Q(Y1), we conclude that
|R1| ∼ θ−2λ2Y1
∑
Q′∈Q(Y1)
|T1(Q′)|2 ≤ θ−2λ2Y1 |Q(Y1)|(θ−ε4C2µY1)2, (38)
where in the final inequality we use the fact that (T1, Y1) is (ε2, C2θ−ε4)-robustly-transverse, so in
particular |T1(Q′)| ≤ θ−ε4C2µY1 for each cube Q.
Since
∑
Q∈Q(Y1) |T1(Q)| = |Q(Y1)|µY1 , by Cauchy-Schwarz we have∑
Q′∈Q(Y1)
|T1(Q′)|2 ≥ |Q(Y1)|µ2Y1 .
Thus
|Q(Y1)|θ−2λ2Y1µ2Y1 ≤ |R1| ≤ (θ−ε4C2)2|Q(Y1)|θ−2λ2Y1µ2Y1 . (39)
Define R2 to be the set of all quintuples (Q,T,Q′, T ′, Q′′) ∈ R1 that satisfy the properties
dist(Q,Q′) ≥ c0θε4/ε1C−1/ε11 , (40)
dist(Q′, Q′′) ≥ c0θε4/ε1C−1/ε11 , (41)
∠(v(T ), v(T ′)) ≥ c0θ2ε4/ε2C−2/ε22 , (42)
∠(Π(Q),Π(Q′)) ≥ c0θε4/ε3C−1/ε33 p. (43)
We claim that if the constant c0 above is chosen sufficiently small, then
|R2| ≥ |R1|/2. (44)
Indeed, R1\R2 is the set of quintuples (Q,T,Q′, T ′, Q′′) where at least one of the above four
properties fails. We will show that the fraction of quintuples where any of these four properties fail
is small.
For (40), ∑
Q′∈Q(Y1)
∑
T,T ′∈T1(Q′)
∑
Q′′∈Y1(T ′)
|{Q ⊂ Y1(T ) : dist(Q,Q′) ≤ c0C−1/ε11 θε4/ε1}|
≤
∑
Q′∈Q(Y1)
∑
T,T ′∈T1(Q′)
∑
Q′′∈Y1(T ′)
(
c0C
−1/ε1
1 θ
ε4/ε1
)ε1C1λY θ−1
≤
∑
Q′∈Q(Y1)
∑
T,T ′∈T1(Q′)
∑
Q′′∈Y1(T ′)
cε10 λY1
. cε10
∑
Q′∈Q(Y1)
|T1(Q)|2θ−2λ2Y1
∼ cε10 |R1|,
(45)
where on the second-last line we used (37) and on the last line we used (39). Thus if c0 is se-
lected sufficiently small (depending on ε1), then the set of quadruples (Q,T,Q
′, T ′, Q′′) ∈ R1 with
dist(Q,Q′) less than c0C
−1/ε1
1 θ
ε4/ε1 is less than |R1|/8.
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An identical argument applies to (41). For (42),∑
Q′∈Q(Y1)
∑
T,T ′∈T1(Q′)
∠(v(T ),v(T ′))≤c0θ2ε4/ε2C−2/ε22
|{(Q,Q′′ : (Q,T,Q′, T ′, Q′′) ∈ R1}|
.
∑
Q′∈Q(Y1)
|T1(Q′)|
(
(c0θ
2ε4/ε2C
−2/ε2
2 )
ε2C2µY
)
(λ2Y1θ
−2)
.
∑
Q′∈Q(Y1)
θ−2ε4µ2Y1(c0θ
2ε4/ε2C
−2/ε2
2 )
ε2C22λ
2
Y1θ
−2
. cε20 |R1|,
(46)
Thus if c0 is selected sufficiently small (depending on ε2), then the set of quadruples (Q,T,Q
′, T ′, Q′′) ∈
R1 with ∠(v(T ), v(T ′)) less than c0θ2ε4/ε2C−2/ε22 is less than |R1|/8.
Finally, for (43), we have∑
Q′∈Q(Y1)
∑
T,T ′∈T1(Q′)
∑
Q′′∈Y1(T ′)
|{Q ⊂ Y1(T ) : ∠(Π(Q),Π(Q′)) ≤ c0θε4/ε3C−1/ε33 p}|
≤
∑
Q′∈Q(Y1)
∑
T,T ′∈T1(Q′)
∑
Q′′∈Y1(T ′)
(
c0θ
ε4/ε3C
−1/ε3
3
)ε3C3(λθ−1)
≤
∑
Q′∈Q(Y1)
∑
T,T ′∈T1(Q′)
∑
Q′′∈Y1(T ′)
cε30 θ
2ε3C3θ
−ε3(λY1θ
−1)
. cε30
∑
Q′∈Q(Y1)
|T1(Q)|2θ−2λ2Y1
∼ cε30 |R1|.
(47)
Thus if c0 is selected sufficiently small (depending on ε3), then the set of quadruples (Q,T,Q
′, T ′, Q′′) ∈
R1 with ∠(Π(Q),Π(Q′)) less than c0θε4/ε3C−1/ε33 p is less than |R1|/8.
Thus if we select c0 sufficiently small (depending only on ε1, ε2, ε3, ε4), then |R2| ≥ |R1|/2,
which establishes (44). For each quintuple G = (Q,T,Q′, T ′, Q′′) ∈ R2, define
ρ(G) = max{∠(T ′, T ′1) : ∃ T1, Q′1, T ′1 so that (Q,T1, Q′1, T ′1, Q′′) ∈ R2}.
See Figure 1.
A key geometric observation is that if G = (Q,T,Q′, T ′, Q′′), then ρ(G) controls the angle
between Π(Q) and Σ(T ′). Specifically, we have that if Σ is the 3-plane containing Π(Q) and the
line coaxial with T ′, then
∠
(
Σ, Π(Q′′)
) ≤ θ1−ε4/ε1
C
1/ε1
1 ρ(G)
. (48)
To see this, let T ′1 be a tube maximizing ρ(G) in the definition above. Let L′ be a line with
|L′ ∩ T ′| ∼ 1 so that L′ intersects Q′ and Π(Q). Let L′1 be a line with |L′1 ∩ T ′1| ∼ 1 so that L′1
intersects L′; L′ ∩ L′1 ∈ Q′, and L′1 intersects Π(Q). Then Π(Q′) makes an angle . θ/ρ(G) with
the plane spanned by L′ and L′1. This plane is contained in the 3-plane spanned by Π(Q) and L′1.
Finally, since dist(Q,Q′) & θε4/ε1C−1/ε11 , we have that L′ makes an angle . θ1−ε4/ε1C
−1/ε1
1 with
the line coaxial with T ′, and hence Π(Q′) makes an angle . θ1−ε4/ε1
C
1/ε1
1 ρ(G)
with the 3-plane spanned by
Π(Q) and the line coaxial with T ′. See Figure 2
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Q Π(Q)
T
Q′
T ′
T1
T ′1
Q′′
Q′1
Figure 1: ρ(G) is the angle between T ′ and T ′1. In this figure, T and T1 make small angle with the
plane Π(Q) (so in particular, the cubes Q′ and Q′1 are contained in the ∼ θ neighborhood of Π(Q).
T ′ and T ′1 do not make small angle with the plane Π(Q).
Π(Q)
L′ L′1
Figure 2: In this figure, black dots denote points of intersection. Since the three affine linear spaces
L′, L′1, and Π(Q) all pairwise intersect, they must be contained in a common 3-plane. In particular,
the plane spanned by L′ and L′1 is contained in the 3-plane spanned by Π(Q) and L′.
After dyadic pigeonholing, we can select a value of ρ so that there are ≥ |R2|/| log θ| quintuples
G ∈ R2 with ρ(G) ∼ ρ; call this set of quintuples R3. Next, we will show that
ρ . | log θ|1/ε4θ1−ε4/ε1C1/ε11 σ−1. (49)
First, let S be the set of quadruples (Q,T,Q′, T ′) so that there exists a cubeQ′′ with (Q,T,Q′, T ′, Q′′) ∈
21
R2. Note that for each (Q,T,Q′, T ′) ∈ S, there are at most θ−1λY1 cubesQ′′ so that (Q,T,Q′, T ′, Q′′) ∈
R2. On the other hand, an argument similar to the one used to establish the size of R1 shows that
|S| ≤
∑
Q∈Q(Y1)
|T1(Q)|2θ−1λ−1Y1 ∼ |R1|(θλ−1Y1 ). (50)
Define S1 to be the set of quadruples (Q,T,Q′, T ′) ∈ S so that
|{Q′′ : (Q,T,Q′, T ′,Q′′) ∈ R3}| ≥ c1| log θ|−1θ−1λY1 . (51)
If the constant c1 is chosen sufficiently small, then by (50) and the fact that |R3| & | log θ|−1|R1|,
we have
|S1| & | log θ|−1|S| & | log θ|−1|R1|(θλ−1Y1 ).
Fix a quadruple (Q,T,Q′, T ′) ∈ S1. Observe that for each Q′′ ⊂ Y1(T ′) with (Q,T,Q′, T ′,Q′′) ∈
R3, by (48) we have
∠
(
Σ, Π(Q′′)
) ≤ θ1−ε4/ε1
C
1/ε1
1 ρ(G)
,
where ρ(G) ∼ ρ since (Q,T,Q′, T ′,Q′′) ∈ R3. This implies∣∣∣{Q′′ ⊂ Y1(T ′) : ∠(Σ, Π(Q′′)) ≤ θ1−ε4/ε1
C
1/ε1
1 ρ
}∣∣∣ & | log θ|−1θ−1λY1 . (52)
On the other hand, since (T1, Y1) is (ε4, 100)-robustly contained in the σ neighborhood of 3-planes,
we have the estimate∣∣∣{Q′′ ⊂ Y1(T ′) : ∠(Σ, Π(Q′′)) ≤ θ1−ε4/ε1
C
1/ε1
1 ρ
}∣∣∣ . ( θ1−ε4/ε1
C
1/ε1
1 ρσ
)ε4
θ−1λY1 . (53)
Comparing (52) and (53), we conclude that( θ1−ε4/ε1
C
1/ε1
1 ρσ
)ε4
& | log θ|−1,
and thus
θ/ρ & | log θ|−1/ε4θε4/ε1C1/ε11 σ.
Re-arranging, we obtain (49).
Next, by (48), each cube Q′′ ∈ Y1(T ′) with (Q,T,Q′, T ′,Q′′) ∈ R3 satisfies
∠
(
Π(Q′′),Σ
) ≤ θ1−ε4/ε1C1/ε11 ρ−1,
where Σ is the 3-plane spanned by Π(Q) and the line coaxial with T ′. Thus if (Q,T,Q′, T ′) ∈ S1,
then
|{Q′′ ∈ Y (T ′) : ∠(Π(Q′′),Σ) ≤ θ1−ε4/ε1C1/ε11 ρ−1}| & | log θ|−1θ−1λY , (54)
and thus if we define q = θ1−ε4/ε1C1/ε11 ρ
−1 and t = c| log θ|−1 for an appropriate constant c & 1,
then
|{Q′′ ∈ Y (T ′) : ∠(Π(Q′′,Π(T )) ≤ p, ∠(Π(Q′′),Σ(T )) ≤ q,∠(Π(Q′′),Σ) ≤ q}| ≥ tθ−1λY .
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If we define
q = C| log θ|1/ε4θ1−2ε4/ε3C1/ε11 C2/ε22 C1/ε33 ρ−1 (55)
for an appropriate constant C . 1, then by Corollary 29 the sets of vectors
{v ∈ S3 : ∠(v,Π(T ′) ≤ p, ∠(v,Σ(T ′)) ≤ q} (56)
and
{v ∈ S3 : ∠(v,Π(T ′) ≤ p, ∠(v,Σ) ≤ q} (57)
are comparable, in the sense that the ∼ 1 dilate of the first set contains the second, and vice-versa.
For each T0 ∈ T, define
W (T0) = {v ∈ S3 : ∠(v,Π(T0) ≤ p, ∠(v,Σ(T0)) ≤ q}. (58)
We claim that if (Q,T,Q′, T ′) ∈ S, then the sets W (T ) and W (T ′) are comparable, in the sense
that the ∼ 1 dilate of the first set contains the second, and vice-versa. We have already shown that
W (T ′) is comparable to the set (57), so it suffices to show that W (T ) is comparable to the set (57)
as well. By hypothesis, ∠(Π(T0),Π(T1)) . p for every pair of tubes T0, T1 ∈ T, so in particular
∠(Π(T ),Π(T ′)) . p. Next, note that Σ(T ) contains the planes Π(Q) and Π(Q′). Since T ′ ∈ T1(Q′),
we have
∠(v(T ′),Π(Q′)) ≤ θ. (59)
We also have
∠(v(T ), v(T ′)) & θ2ε4/ε2C−2/ε22 (60)
Thus
∠
(
Π(Q′), span(v(T ), v(T ))
)
. θ1−2ε4/ε2C2/ε22 .
Since
∠(Π(Q),Π(Q′)) & θε4/ε3C−1/ε33 p,
we conclude that
∠(Σ,Σ(T )) . θ−2ε4/ε2−ε4/ε3C2/ε22 C
1/ε3
3 σ/p,
where Σ is the 3-plane spanned by Π(Q) and the line coaxial with T ′. In particular, for any
q ≥ θ−2ε4/ε2−ε4/ε3C2/ε22 C1/ε33 σ, (61)
the sets of vectors
{v ∈ S3 : ∠(v,Π(T0)) ≤ p, ∠(v,Σ(T )) ≤ q}
and
{v ∈ S3 : ∠(v,Π(T0)) ≤ p, ∠(v,Σ(T )) ≤ q}
are comparable. By (49), the choice of q given by (55) satisfies (61), so in particular W (T ) is
comparable to the set (57), and thus is comparable to W (T ′).
Next we will count the number of triples (T,Q′, T ′) so that (Q,T,Q′, T ′) ∈ S1 for at least one
cube Q; denote this set of triples by T . If (T,Q′, T ′) is such a triple, then there are ≤ θ−1λY1 cubes
Q so that (Q,T,Q′, T ′) ∈ S1. This implies that
|T | ≥ θλ−1Y1 |S1| & | log θ|−1
∑
Q∈Q(Y1)
|T1(Q)|2. (62)
23
Let W be a set of essentially distinct subsets of S3 of the form
{v ∈ S3 : ∠(v,Π0) ≤ 2p, ∠(v,Σ) ≤ 2q},
where Π0 is the plane whose p-neighborhood contains every tube from T, and Σ is a 3-plane in R4
containing the origin. For each W ∈ W, define
TW = {T ∈ T1 : W (T ) ⊂W},
where W (T ) is defined in (58). Observe that∑
W∈W
|TW | ∼ T1,
and if (T,Q′, T ′) ∈ T , then there exists some W ∈ W so that T ∈ TW and T ′ ∈ TW . This implies∑
W∈W
∑
Q∈Q(Y1)
|TW (Q)|2 & | log θ|−1
∑
Q∈Q(Y1)
|T1(Q)|2,
and thus by Cauchy-Schwarz,∣∣∣ ⋃
T∈T1
Y1(T )
∣∣∣ ≥ | log θ|−1 ∑
W∈W
∣∣∣ ⋃
T∈TW
Y1(T )
∣∣∣. (63)
Thus there exists a ∼ | log θ|−1-refinement Y2 of Y1 so that the sets{ ⋃
T∈TW
Y2(T )
}
W∈W
are disjoint. This means that each cube Q ∈ Q(Y2) can be uniquely associated to a set W (Q) ∈ W.
Refining the set W slightly, we can assume that no set W (T ) is contained in more than one set
W ∈ W. This refinement of W induces a & 1-refinement of (T1, Y1); call this new set (T2, Y2).
Thus each tube T ∈ T2 can also be uniquely associated to a set in W. Abusing notation slightly,
we will call this set W (T ) (so now W (T ) is always an element of W).
Next, define R4 to be the set of all quintuples (Q,T,Q′, T ′, Q′′) ∈ R3 so that T, T ′ ∈ T2;
Q,Q′ ⊂ Y2(T ); Q′, Q′′ ⊂ Y2(T ′); if we choose the refinement of W appropriately, then
|R4| & | log θ|−O(1)|R3|.
Observe that if (Q,T,Q′, T ′, Q′′) ∈ R4, then T,Q′, T ′, and Q′′ are all associated to the same set
W ∈ W. Note that
|R4| & | log θ|−O(1)|R1| & | log θ|−O(1)|QY1 |θ−2λ2Y1µ2Y1 .
Thus if we define
R5 = {(Q,T,Q′, T ′, Q′′) ∈ Q4 : Q is part of ≥ c| log θ|−Cθ−2λ2Y1µ2Y1quintuples from Q4},
then if the constant c is selected sufficiently small and C is selected sufficiently large, we have
|R5| ≥ |R4|/2.
By dyadic pigeonholing, we can select a set W ′ ⊂ W so that each set W ∈ W ′ has roughly
the same number of quintuples from R5 associated to it; define R6 to be the set of quintuples
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contained in a set from W ′. Define (T3, Y3) to be the refinement of (T2, Y2) consisting of tubes and
cubes associated to some set from W ′. Since |R6| & | log θ|−O(1)|R1|, we have that (T3, Y3) is a
& | log θ|−O(1)-refinement of (T2, Y2).
Thus if W0 ∈ W is the set that minimizes
∣∣⋃
T∈TW0∩T3 Y3(T )
∣∣, then∣∣∣ ⋃
T∈T1
Y1(T )
∣∣∣ & | log θ|−O(1)|W|∣∣∣ ⋃
T∈T3∩TW0
Y3(T )
∣∣∣. (64)
We have |T3| & | log θ|−O(1)|T|, and by the hypotheses of Lemma 30, we have that ∼ |T|/|Ω|
tubes from T point in each direction v ∈ Ω. Thus
|{v(T ) : T ∈ T3}| & | log θ|−O(1)|Ω|. (65)
Note that for each W ∈ W, the set of directions of tubes in T3 ∩TW is contained in a subset of
S3 of dimensions ×1×p× q. This means that the set of directions of tubes in T3∩TW is contained
in a rectangle in S3 of dimensions ∼ 1 × p × q. Since the possible directions of tubes in T3 ∩ TW
are θ-separated, we have that
|{v(T ) : T ∈ T3 ∩ TW }| . pqθ−3 / | log θ|1/ε4θ−2ε4/ε3C1/ε11 C2/ε22 C1/ε33 ρ−1pθ−2. (66)
Thus
|W| & | log θ|−O(1) |Ω|
θ−2ε4/ε3C1/ε11 C
2/ε2
2 C
1/ε3
3 ρ
−1pθ−2
, (67)
where the implicit constant may depend on ε1, . . . , ε4. We conclude that∣∣∣ ⋃
T∈T1
Y1(T )
∣∣∣ & | log θ|−O(1)θ2ε4/ε3C−1/ε11 C−2/ε22 C−1/ε33 (θ3|Ω|)(θ−1ρp−1)∣∣∣ ⋃
T∈T3∩TW0
Y3(T )
∣∣∣. (68)
It remains to estimate
∣∣∣⋃T∈T3∩TW0 Y3(T )∣∣∣. Let (Q0, T0, Q′0, T ′0, Q′′0) be a quintuple associated
to W0. Since (Q0, T0, Q
′
0, T
′
0, Q
′′
0) ∈ R5, there are ' θ−2λ2Y1µ2Y1 quadruples (T,Q′, T ′, Q′′) so that
the quintuple (Q0, T,Q
′, T ′, Q′′) is an element of R4 and is associated to W0.
Next, we will estimate: amongst these ' θ−2λ2Y1µ
2
Y1
quadruples, how many distinct cubes Q′′
occur? This quantity is relevant since the volume of
∣∣∣⋃T∈T3∩TW0 Y3(T )∣∣∣ is at least θ4 times the
number of distinct cubes Q′′.
• For each cube Q′′, the set of potential choices of T ′ must all point in directions that make
angle . θ with the plane Π(Q′′), and these directions must lie in an angular sector of aperture
. ρ; thus there are
. θ−1ρ (69)
choices for T ′.
• For each tube T ′, the set of potential choices of Q′ must all lie in T ′∩Nθ(Π(Q0)). By (42) we
have ∠(v(T ), v(T ′)) & θ2ε4/ε2C−2/ε22 , and by (43) we have ∠(Π(Q0),Π(Q)) & θε4/ε3C
−1/ε3
3 p;
thus ∠(v(T ′),Π(Q0)) & θ2ε4/ε2+ε4/ε3C−2/ε22 C
−1/ε3
3 p. We conclude that for each T
′, there are
. θ−2ε4/ε2−ε4/ε3C2/ε22 C
1/ε3
3 p
−1 (70)
choices for Q′.
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• For each cubeQ′, the set of potential T must intersect bothQ0 andQ′. By (40), dist(Q0, Q′) &
θε4/ε1C
1/ε1
1 . Since the tubes point in θ-separated directions and satisfy ∠(v(T ),Π(Q0)) ≤ θ,
there are
. θ−ε4/ε1C1/ε11 (71)
choices for T .
Multiplying the bounds in (69), (70), and (71) and using the fact that ε3 < ε2 < ε1, we
conclude that each cube Q′′ is part of . θ−4ε4/ε3C1/ε11 C
2/ε2
2 C
1/ε3
3 p
−1θ−1ρ quintuples. Thus we have
the volume bound∣∣∣ ⋃
T∈T3∩TW0
Y3(T )
∣∣∣ ' θ4(θ4ε4/ε3C−1/ε11 C−2/ε22 C−1/ε33 pθρ−1)µ2Y1λ2Y1θ−2. (72)
Inserting this bound into (68), we have∣∣∣ ⋃
T∈T1
Y1(T )
∣∣∣ & | log θ|−O(1)θ6ε4/ε3C−2/ε11 C−4/ε22 C−2/ε33 (θ3|Ω|)µ2Y1λ2Y1θ2. (73)
Now, we have µY1
∣∣∣⋃T∈T1 Y1(T )∣∣∣ ∼ λY1(θ3|T1|), or
µY1 ∼
λY1(θ
3|T1|)∣∣∣⋃T∈T1 Y1(T )∣∣∣ .
Re-arranging, and recalling that λY1 & θε4λY we conclude that there exists a constant C0 (depend-
ing on ε1, ε2, ε3 so that∣∣∣ ⋃
T∈T
Y (T )
∣∣∣3 ≥ ∣∣∣ ⋃
T∈T1
Y1(T )
∣∣∣3
& | log θ|−C0θC0ε4C−2/ε11 C−4/ε22 C−2/ε33 λ4Y1θ2(θ3|Ω|)(θ3|T|)2.
(74)
If ε4 is selected sufficiently small (depending on ε and C0, which in turn depends on ε1, ε2, ε3), then
(74) implies (36)
The next result will remove the requirement that the tubes be contained in the p neighborhood
of planes.
Proposition 32. Let 0 < θ < 1. Let 0 < ε2 < ε1 < 1. Let Ω ⊂ S3 be a set of θ-separated
directions. Let (T, Y ) be a set of essentially distinct plany θ-tubes and their associated shading.
Suppose that
• There are ∼ |T|/|Ω| tubes from T pointing in each direction v ∈ Ω.
• (T, Y ) is (ε1, C1)-two-ends.
• (T, Y ) is (ε2, C2)-robustly-transverse.
Then for each ε > 0, there is a constant c > 0 (depending on ε, ε, ε1, and ε2) so that∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cC−1/ε11 C−2/ε22 θελ4/3Y θ2/3(θ3|Ω|)1/3(θ3|T|)2/3. (75)
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Proof. Let ε > 0. Define ε3 = c3εε2, where c3 > 0 is a constant that will be determined below.
Apply Corollary 25 to (T, Y ) with parameter ε3, and let θ < p < 1 and (T′, Y ′) be the output from
the Corollary. We have that (T′, Y ′) is a θε3-refinement of (T, Y ), and T′ =
⊔K
i=1 Ti, where∣∣∣ ⋃
T∈T′
Y ′(T )
∣∣∣ ∼ K∑
i=1
∣∣∣ ⋃
T∈Ti
Y ′(T )
∣∣∣
and each set Ti is contained in the . p-neighborhood of a 2-plane and is (ε3, 100)-robustly contained
in the p neighborhood of planes.
By pigeonholing, there exists a set of indices I ⊂ {1, . . . ,K} so that for each j ∈ I, we have∑
T∈Tj
|Y (T )| ∼ 1|I|
∑
i∈I
∑
T∈Ti
|Y (T )| ≥ | log θ|−1
∑
T∈T
|Y (T )|.
For each index i ∈ I, define the shading Yi(T ) = Y (T ) for each T ∈ Ti. Note that λYi ≥
| log θ|−1θε3λY for each i ∈ I. We have that for each i ∈ I, (Ti, Yi) is (ε1, | log θ|θ−ε3C1)-two-ends,
(ε2, | log θ|θ−ε3C2)-robustly-transverse, and (ε3, 100| log θ|)-robustly contained in the p neighbor-
hood of planes.
For each index i ∈ I, let (T′i, Y ′i ) be a refinement of (Ti, Yi) and let Ω′i ⊂ Ω so that there are ∼
|T′i|/|Ω′i| tubes from T′i pointing in each direction v ∈ Ω′i.We have that (T′i, Y ′i ) is (ε1, | log θ|2θ−ε3C1)-
two-ends and (ε2, | log θ|2θ−ε3C2)-robustly-transverse, and (ε3, 100| log θ|2)-robustly contained in
the p neighborhood of planes.
Thus for each index i ∈ I, the pair (T′i, Y ′) satisfies the hypotheses of Lemma 30. Applying
Lemma 30 with ε/2 in place of ε, we conclude that for each index i ∈ I,∣∣∣ ⋃
T∈T′i
Y ′′′(T )
∣∣∣ ≥Wλ4/3Y θ2/3(θ3|Ω′i|)1/3(θ3|T′i|)2/3,
where
W = c′| log θ|−CC−1/ε11 C−2/ε22 θ(ε3/ε1+ε3/ε2)θε/2. (76)
Summing over all indices i and applying Ho¨lder’s inequality, we conclude∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥∑
i∈I
∣∣∣ ⋃
T∈T′i
Y ′(T )
∣∣∣
≥Wλ4/3Y θ2/3
∑
i∈I
(θ3|Ω′i|)1/3(θ3|T′i|)2/3
≥Wλ4/3Y θ2/3
(
θ3
∑
i∈I
|Ω′i|
)1/3(
θ3
∑
i∈I
|T′i|
)2/3
.
(77)
We have
∣∣∣⋃i∈I Ωi∣∣∣ ' |Ω| and ∑i∈I |T′i| ' θε2 |T|. Thus∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ 'Wλ4/3Y θ2/3(θ3|Ω|)1/3(θ3|T|)2/3. (78)
Thus if c3 > 0 and c > 0 are selected sufficiently small, then (75) holds.
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6 Volume bounds for unions of weakly plany tubes
In this section we will use random sampling and re-scaling arguments to weaken two of the hy-
potheses of Proposition 32. First, we will remove the requirement that the collection of tubes be
robustly transverse. Second, we will replace the requirement that that all of the tubes passing
through a point lie in the θ neighborhood of a plane with the weaker requirement that these tubes
be contained in the θ neighborhood of a union of planes3. This result will be stated precisely in
Proposition 34 below.
Before we begin, it will be useful to see how the planebrush argument fits into the broader proof
strategy for proving Kakeya estimates. In short, given a collection T of δ-tubes in R4, we can find
a parameter δ ≤ θ ≤ 1 so that for each cube Q ∈ Q(Y ), the tubes in TY (Q) make angle at most
θ with a plane, and θ is the smallest number for which this property holds. We then examine the
set T at scale θ and discover that the tubes from T intersecting a typical θ-cube also cluster into
planes. We will then apply the planebrush argument at scale θ.
The following rather technical lemma makes the above statement precise.
Lemma 33 (Tubes are either plany or trilinear). Let (T, Y ) be a set of δ-tubes and their associated
shading. Suppose that (T, Y ) is (1, C1)-two-ends and (2, C2)-robustly transverse.
Then there exists a number δ ≤ θ ≤ 1; a refinement (T′, Y ′) of (T, Y ); a set Ω ⊂ S3 of θ-
separated points; a set (Tθ, Yθ) of essentially distinct θ-tubes and their associated shading; and
numbers B,B1, B2 ≥ 1 with B1 ≥ B2 and B1/B2 ≤ B so that the following holds.
(a) For each Q ∈ Q(Y ′), there is a plane Π(Q) so that ∠(v(T ),Π(Q)) ≤ θ for all T ∈ TY (Q).
(b) For each Q ∈ Q(Y ′),
|{T1, T2, T3 ∈ TY ′(Q) : |v(T1) ∧ v(T2) ∧ v(T3)| & θ}| ' |TY ′(Q)|3. (79)
(c) Every tube in Tθ points in a direction from Ω. For each v ∈ Ω, there are ∼ |Tθ|/|Ω| tubes
from Tθ that point in direction v.
(d) Each tube Tθ ∈ Tθ contains ∼ |T′|/|Tθ| tubes from T′, and each tube from T′ is contained in
exactly one tube from Tθ.
(e) If T ∈ T, Tθ ∈ Tθ, and T ⊂ Tθ, then Y ′(T ) ⊂ Yθ(Tθ).
(f) λYθ ' λY ′.
(g) (Tθ, Yθ) is (ε1, C ′1)-two-ends, with C ′1 / 1.
(h) For each δ-cube Q ∈ Q(Y ), we have |TY ′(Q)| ∼ µY ′. For each θ-cube Q ∈ Q(Yθ) we have
|Tθ(Q)| ∼ µYθ .
(i) There is a number µfine so that for each Tθ ∈ Tθ, we have µYTθ ∼ µfine.
(j) For each θ-cube Qθ ∈ Q(Yθ), there are planes Π1(Qθ), . . . ,ΠB1(Qθ) and collections of tubes
T1,θ(Qθ), . . . ,TB1,θ ⊂ Tθ(Qθ) so that for each index i, the tubes in Ti,θ(Qθ) satisfy ∠(Tθ,Πi(Qθ)) ≤
θ and |Ti,θ| = µYθ/B. Each tube T ∈ Tθ(Q) is contained in B2 of sets {Ti,θ(Qθ)}.
(k) We have the multiplicity bound
µY ′ / µYθµfine/B.
3Of course, as the number of planes in the union increases, our bounds will become weaker.
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Proof. Since (T, Y ) is (2, C2)-robustly transverse, there exists a number δ ≤ θ ≤ 1 (we can suppose
that θ is an integer multiple of δ) and a refinement (T1, Y1) of (T, Y ) so that |TY1(Q)| ∼ µY1 for all
Q ∈ Q(Y1), and Items (a) and (b) hold for (T1, Y1). Note that Item (a) will continue to hold for
any | log δ|−O(1)-refinement (T′1, Y ′1) of (T1, Y1), and Item (b) will hold for every cube Q ∈ Q(Y ′1)
with |TY ′1 (Q)| ∼ µY ′1 .
Let Tθ,1 be a set of essentially distinct θ-tubes so that the following holds.
• Each tube T ∈ T1 is contained in at most one θ-tube from Tθ,1.
• ∑
Tθ∈Tθ,1
∑
T∈T1
T⊂Tθ
|Y1(T )| &
∑
T∈T1
|Y1(T )|.
For each Tθ ∈ Tθ,1, define
T1(Tθ) = {T ∈ T1 : T ⊂ Tθ}.
Let
T2 =
⋃
T∈Tθ
T1(Tθ).
For each T ∈ T2, let Y2(T ) ⊂ Y1(T ) be a shading so that (T2, Y2) is a refinement of (T1, Y1), and
there exists a number M so that for each Tθ ∈ Tθ,1 and each θ-cube Qθ intersecting Tθ, we have
that either Qθ ∩
⋃
T∈T2(Tθ) Y2(T ) is empty, or∑
T∈T2(Yθ)
|{Q : Q ⊂ Y2(T ) ∩Qθ}| ∼M. (80)
For each Tθ ∈ Tθ,1, define Y1,θ to be the union of those θ-cubes Qθ that intersect Tθ for which (80)
holds. Let Tθ ⊂ Tθ,1 so that (Tθ, Yθ) is a refinement of (Tθ,1, Yθ,1) (here the shading Yθ is just the
restriction of Yθ,1 to the tubes in Tθ), and the following properties hold.
•
|Yθ(Tθ)|/|Tθ| ∼ λYθ for each Tθ ∈ Tθ. (81)
• |T2(Tθ)| has approximately the same size (up to a factor of two) for each Tθ ∈ Tθ.
• There is a set Ω ⊂ S3 of θ-separated points so that each tube Tθ ∈ Tθ points in a direction
from Ω, and there are ∼ |Tθ|/|Ω| tubes from Tθ pointing in each direction.
Define T3 =
⋃
Tθ∈Tθ T2(Tθ) and define Y3(T ) = Y2(T ) for each T ∈ T3. Note that (T3, Y3) is a
refinement of (T2, Y2) (so (T3, Y3) is (ε1, C ′1)-two ends for some C ′1 / C1), and that (80) continues
to hold with (T3, Y3) in place of (T2, Y2).
In particular, there exists at least one tube T ∈ T3 with |Y (T )|/|T | ≥ λY3 ' λY . But since
Y (T ) ⊂ Yθ(Tθ) for some tube Tθ ∈ Tθ, this implies |Yθ|/|Tθ| ≥ |Y (T )|/|T | ≥ λY3 . By (81), this
implies λYθ & λY3 . Since λY ′ (to be defined below) will satisfy λY3 ≈ λY ′ , this will establish Item
(f).
At this point, (T3, Y3) satisfies Items (a); (Tθ, Yθ) satisfies Items (c) and (d); and the pair
(T3, Y3) and (Tθ, Yθ) satisfies Item (e).
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Observe that
λYθ =
1
|Tθ|
∑
Tθ∈Tθ
|Yθ(Tθ)|/|Tθ|
∼ 1
θ3|Tθ|
∑
Tθ∈Tθ
∑
Qθ⊂Yθ(Tθ)
|Qθ|
∼ 1
θ3|Tθ|
∑
Tθ∈Tθ,2
∑
Qθ⊂Yθ,2(Tθ)
M−1(θ/δ)4
∑
T∈T2(Tθ)
|Qθ ∩ Y3(T )|
∼ θ
δ4M |Tθ|
∑
T∈T3
|Y3(T )|
= (θ/δ)M−1
1
|Tθ|
∑
T∈T3
|Y3(T )|/|T |
= (θ/δ)M−1
|T3|
|Tθ|λY3 .
Re-arranging, we have
λY3 ∼ (δ/θ)M
|Tθ|
|T3|λYθ . (82)
Next we will show that (Tθ, Yθ) is (ε1, C ′1)-two-ends, where C ′1 / C1. Indeed, let Tθ ∈ Tθ and
let B(x, r) ⊂ R4 be a ball of radius r. We have
|{Qθ : Qθ ⊂ Yθ(Tθ) ∩B(x, r)}|
∼M−1
∑
T∈T3(Tθ)
|{Q : Q ⊂ Y3(T ) ∩B(x, r)}|
/M−1|T3(Tθ)|rεC1λY3δ−1
∼M−1 |T3||Tθ,2|r
εC1λY3δ
−1
∼ rε1C1λY3 ,
(83)
where on the final line we used (82). We conclude that (Tθ, Yθ) satisfies Item (g).
Let (T′, Y ′) be a refinement of (T3, Y3) so that there is a number µfine so that for each Tθ ∈ Tθ,
we have µYTθ ∼ µfine, and for each Q ∈ Q(Y ′), we have |T′(Q)| ∼ µY ′ . We conclude that (T′, Y ′)
and (Tθ, Yθ) satisfy Items (a) through (i)
Observe that for each Q ∈ Q(Y ′), there are ∼ µY ′/µfine tubes Tθ ∈ Tθ with Q ∈ Q(YTθ). In
particular, if Qθ is the θ-cube containing Q, then
|{Tθ ∈ Tθ(Qθ) : ∠(pi(Q), V (Tθ)) ≤ θ}| & µY ′/µfine. (84)
Thus for each θ cube Qθ ∈ Q(Yθ), we can select sets T1,θ(Qθ), . . . ,TB′,θ(Qθ) that satisfy Item
(j), with some B ≤ µY ′/µfine. Inequality (84) implies that that (T′, Y ′) and (Tθ, Yθ) satisfy Item
(k).
6.1 The planebrush argument for weakly plany tubes
We can now state Proposition 34, which is the main result of this section. Note that hypotheses of
Proposition 34 have been chosen to match the conclusions of Lemma 33.
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Proposition 34. Let 0 < θ < 1 and let 0 < ε1 < 1. Let Ω ⊂ S3 be a set of θ-separated directions.
Let (T, Y ) be a set of essentially distinct plany θ-tubes and their associated shading. Suppose that
• There are ∼ |T|/|Ω| tubes from T pointing in each direction v ∈ Ω.
• (T, Y ) is (ε1, C1)-two-ends.
• There are numbers B,B1, B2 with B1 ≥ B2 and B1/B2 ≤ B so that for each Q ∈ Q(Y ),
there are planes Π1(Q), . . . ,ΠB1(Q) and collections of tubes T1(Q), . . . ,TB1(Q) ⊂ T(Q) so
that for each index i, the tubes in Ti(Q) satisfy ∠(T,Πi(Q)) ≤ θ and |Ti| = µY /B. Each tube
T ∈ T(Q) is contained in B2 sets from {Ti(Q)}.
Then for each ε > 0, we have∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cC−C/ε11 θελ4/3Y θ2/3B−4/3(θ3|Ω|)1/3(θ3|T|)2/3. (85)
Here C is an absolute constant and c > 0 depends on ε and ε1.
6.2 Reduction to the strongly plany case
If (T, Y ) is a set of θ-tubes and their associated shading that satisfy the hypotheses of Proposition
34, then there exists a ∼ B−1-refinement (T′, Y ′) of (T, Y ) so that for each Q ∈ Q(Y ′), the tubes
in TY ′(Q) all lie in the θ-neighborhood of a plane. Indeed, for each cube Q ∈ Q(Y ), simply select
the plane Π(Q) whose θ neighborhood contains the largest number of tubes from TY (Q). However,
if the refinement (T′, Y ′) is selected in this way, then it is possible that (T′, Y ′) will no longer be
(ε1, C1)-two-ends. In this section, we will show that it is possible to select the refinement (T, Y ′) a
bit more carefully and preserve the property of being two-ends.
Lemma 35. Let ε > 0. Let A ⊂ [N ] = {1, . . . , N} with |A| > N ε. Let C ≥ 1 and let I ⊂ N be an
interval satisfying
|A ∩ I| ≤ T. (86)
Let T−1 ≤ p ≤ 1. Let A′ ⊂ A be obtained by randomly selecting each element of A independently
with probability p. Then
Pr
(
|A′ ∩ I| ≥ 4(logN)10pT
)
. N−10.
Proof. First, observe that the expected value of |A′ ∩ I| is p|A ∩ I|. By the multiplicative form of
Chernoff’s bound, we have that for each t > 0,
Pr
(
|A′ ∩ I| ≥ (1 + t)p|A ∩ I|
)
≤ exp (− tp|A ∩ I|/3). (87)
Applying (87) with
t =
3(logN)10pT
p|A ∩ I| =
3(logN)10T
|A ∩ I| ,
and noting that since t ≥ 1,
(t+ 1)p|A ∩ I| ≤ 4(logN)10pT,
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we obtain
Pr
(
|A′ ∩ I| ≥ 4(logN)10pT
)
≤ exp
(
− 3(logN)
10T
|A ∩ I|
(
p|A ∩ I|/3))
≤ exp
(
− (logN)10[pT ])
≤ exp (− (logN)10)
= N−10.
Corollary 36. Let ε > 0. Let A ⊂ [N ] = {1, . . . , N} with |A| > N ε. Suppose that for each interval
I ⊂ N we have
|A ∩ I| ≤ (|I|/N)εM. (88)
Let M−1 ≤ p ≤ 1. Let A′ ⊂ A be obtained by randomly selecting each element of A independently
with probability p. Then
Pr
(
|A′ ∩ I| ≥ 4(logN)10p(|I|/N)εM for some interval I ⊂ [N ]
)
. N−8.
Proof. Observe that there are ≤ N2 intervals I ⊂ [N ]. We apply Lemma 35 to each of these
intervals with T = (|I|/N)εM , and use the union bound.
To conclude this section, we will show that in order to prove Proposition 34, it suffices to
consider the special case where B = 1. More concretely, it suffices to prove the following result
Proposition 37. Let 0 < θ < 1 and let 0 < ε1 < 1. Let Ω ⊂ S3 be a set of θ-separated directions.
Let (T, Y ) be a set of essentially distinct plany θ-tubes and their associated shading. Suppose that
• There are ∼ |T|/|Ω| tubes from T pointing in each direction v ∈ Ω.
• (T, Y ) is (ε1, C1)-two-ends.
• For each Q ∈ Q(Y ), there exist a 2-plane Π(Q) so that for each T ∈ TY (Q) we have
∠(v(T ),Π(Q)) ≤ θ.
Then for each ε > 0, we have∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cC−C/ε11 θελ4/3Y θ2/3(θ3|Ω|)1/3(θ3|T|)2/3. (89)
Here C is an absolute constant and c > 0 depends on ε and ε1.
Proof of Proposition 34 using Proposition 37. Let (T, Y ) be a set of θ-tubes and their associated
shadings that satisfy the hypotheses of Proposition 34. Let ε > 0.
For each Q ∈ Q, randomly select an index iQ ∈ {1, . . . , B1} uniformly at random. For the
remainder of this proof, “probability” will be with respect to the random selection of indices iQ
as Q ranges over the elements of Q (this random selection is equivalent to selecting an element of
{1, . . . , B1}|Q| uniformly at random).
Define Y˜ (T ) ⊂ Y (T ) to be the union of all cubes Q ∈ Q′, Q ⊂ Y (T ) for which T ∈ Ti(Q) (note
that Y˜ (T ) is a random set). Since for each cube Q ∈ Q, each tube T ∈ TY (Q) is contained in B2
of the sets Ti(Q), the random set Y˜ (T ) has the same distribution as the random set obtained by
selecting each cube Q ∈ Q, Q ⊂ Y (T ) independently with probability p = B2/B1 ≥ B−1.
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By Corollary 36 we have that each T ∈ T satisfies
Pr
(
|Y˜ (T ) ∩B(x, r)| ≤ 4rε1((log θ)10p)C1λY |T | for all balls B(x, r)
)
≥ 1− θ8. (90)
An application of Chernoff’s bound shows that
Pr
(
| log θ|−8p|Y (T )| ≤ |Y˜ (T )| ≤ | log θ|8p|Y (T )|
)
≥ 1− θ8. (91)
Since the tubes in T are essentially distinct, we have |T| ≤ θ−6, and thus the probability that
every tube in T satisfies the events in (90) and (91) is at least 1− θ2. In particular, there exists a
choice of indices {iQ : Q ∈ Q} so that the events in (90) and (91) hold for every tube T ∈ T. Fix
one such choice of indices, and define Y ′(T ) = Y˜ (T ).
By (91), we have
(log θ)−8λY p ≤ λY ′ ≤ (log θ)8λY p. (92)
By (92) and (90), we have that the pair (T, Y ′) is (ε1, 4C1(log θ)16)-two-ends. The pair (T′, Y ′)
satisfies the hypotheses of Proposition 37. Applying Proposition 37 with ε/2 in place of ε, we
conclude that there is a constant c′ > 0 so that∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ ∣∣∣ ⋃
T∈T
Y ′(T )
∣∣∣
≥ c′(4C1| log θ|16)−C/ε1θε/2λ4/3Y ′ θ2/3(θ3|Ω|)1/3(θ3|T′|)2/3
' c′C−C/ε11 θε/2λ
4/3
Y ′ p
−4/3θ2/3(θ3|Ω|)1/3(θ3|T′|)2/3
≥ c′C−C/ε11 θε/2λ4/3Y ′ B−4/3θ2/3(θ3|Ω|)1/3(θ3|T′|)2/3.
Thus if c > 0 is chosen sufficiently small, then (89) holds.
6.3 Volume bounds for unions of strongly plany tubes
Recall that at this point, we have proved Proposition 32, and we have also proved that Proposition
37 implies Proposition 34. All that remains is to show that Proposition 32 implies Proposition 37.
However, Proposition 37 is essentially identical to Proposition 32 except that the requirement that
(T, Y ) be (ε2, C2)-robustly transverse has been removed. This is accomplished through a “robust
transversality reduction” argument nearly identical to that in Proposition 14. Since the details are
nearly identical, we omit them here.
7 A maximal function estimate in R4
In this section we will prove Theorem 2. We will begin with a lemma that lets us upgrade certain
assertions of the form TE(d, a, b) to stronger assertions TE(d′, a′, b′). Theorem 2 will eventually
be proved by iterating this lemma.
Lemma 38. Suppose that Assertion TE(4−α, 75/28, 1−α/3) is true for some 3/4 ≤ α ≤ 1. Then
Assertion TE(4− α′, 75/28, 1− α/3) is true and Assertion TE(4− α′′, 4− α′′, 1) is true, where
α′ =
118α2 − 121α− 189
378− 182α , α
′′ =
159
100
− 63
100α
. (93)
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Remark 39. Both the hypotheses and conclusions Lemma 38 contain some slightly strange nu-
merology, which we will remark upon here. First, the requirement that α ≤ 1 is harmless, since
Theorem 15 states that RT (3, 2, 1/2) is true. The requirement that α ≥ 3/4 comes from Theorem
19, which establishes an analogue of the estimate RT (13/4, 13/4, 1/4) under the additional hypoth-
esis that the tubes in question behave in a “trilinear” fashion. If this hypothesis is met, then we
cannot improve on the bound from Theorem 19.
The number a = 75/28 describing the λ dependence in the hypotheses and conclusions of Lemma
38 is not particularly important. This is because our argument seeks to find the optimal value of α′
and α′′. The corresponding value of a must satisfy several slightly complicated constraints. Rather
than tracking these constraints throughout the argument, we have simplified the exposition slightly
by choosing a particular value of a satisfying these constraints (the particular value of a chosen
here was obtained by beginning with Inequality (106) and working backwards). Finally, the values
of α′ and α′′ from (93) arise as the natural output of the arguments presented below.
Proof. To obtain the above assertions, it suffices (by Proposition 14) to prove that Assertion RT(4−
α′, 75/28, 1 − α/3) and Assertion RT(4 − α′′, 4 − α′′, 1) is true. To this end, let (T, Y ) be a set
of δ-tubes and their associated shading that is (ε1, C1)-two-ends and (ε2, 100)-robustly transverse,
and let ε > 0.
Apply Lemma 33 to (T, Y ) and let θ, Ω, (T′, Y ′), (Tθ, Yθ), and µfine be the output from that
Lemma. By Item (h) from Lemma 33, we have that each cube Q ∈ Q(Y ′) satisfies |TY ′(Q)| . µY ′ .
Thus ∣∣∣ ⋃
T∈T
Y (T )| ≥
∣∣∣ ⋃
T∈T′
Y ′(T )|
∣∣∣
& µ−1Y ′ λY ′(δ
3|T′|)
' µ−1Y ′ λY (δ
3|T|),
(94)
where on the final line we used the fact that (T′, Y ′) is a refinement of (T, Y ); this implies that
λY ′(δ
3|T′|) ' λY (δ3|T|), and that
λY / λY ′ . (95)
Thus it suffices to prove that
µY ′ / δ−ε/2CC/ε11 min
(
λ
− 47
28
Y ′ δ
−α′(δ3|T|)α/3, λα′′−3Y ′ δ−α
′′)
, (96)
where the constant C may depend on α, and the implicit constant may depend on ε, ε1, ε2, and α.
Indeed, combining (94), (95), and (96), we obtain the volume bound∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ' δε/2C−C/ε11 max(λ75/28Y δα′(δ3|T′|)1−α′/3, λ4−α′′Y δα′′(δ3|T′|)). (97)
This volume bound is precisely what is needed to establish Assertion RT(4 − α′, 75/28, 1 − α′/3)
and Assertion RT(4− α′′, 4− α′′, 1).
The remainder of the proof will be devoted to establishing (96). Define A = |Tθ|/|Ω| and define
B = µY ′/µfine. From Proposition 34, we have the bound
µYθ / C
−C/ε1
1 λ
−1/3
Yθ
θ−2/3−ε/2A1/3B4/3.
From Corollary 18 we have the bound
µYθ / λ−2Yθ θ
−1−ε/2A3/4(θ3|Ω|)1/3
= λ−2Yθ θ
−1−ε/2A3/4(θ3A−1|Tθ|)1/3
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Combining these, we obtain the bound
µYθ /
(
C
−C/ε1
1 λ
−1/3
Yθ
θ−2/3−ε/2A1/3B4/3
)3/4(
λ−2Yθ θ
−1−ε/2A3/4(θ3A−1|Tθ|)1/3
)1/4
≤ C−C/ε11 λ−3/4Yθ θ−3/4−ε/2A7/16B(θ3A−1|Tθ|)1/12.
(98)
From Items (f) and (k) of Lemma 33, we have that
µY ′ / µYθµfine/B
/ C−C/ε11 λ
−3/4
Yθ
θ−3/4−ε/2A7/16(θ3A−1|Tθ|)1/12µfine
/ C−C/ε11 λ
−3/4
Y ′ θ
−3/4−ε/2A7/16(θ3A−1|Tθ|)1/12µfine.
(99)
Since the tubes whose shading contains a δ-cube Q ∈ Q(Y ′) must lie in the θ neighborhood of a
plane, we also have the bound
µY ′ ≤ θ−1µfine. (100)
Combining (99) and (100), we obtain the bound
µY ′ /
(
C
−C/ε1
1 λ
−3/4
Y ′ θ
−3/4−ε/2A7/16(θ3A−1|Tθ|)1/12µfine
) 16α
21
(
θ−1µfine
)1− 16α
21
/ C−C/ε11 λ
−4α
7
Y ′ θ
4α−21
21
−ε/2A
17α
63 (θ3|Tθ|)
4α
63 µfine.
(101)
Since Assertion TEδ(4 − α, 75/28, 1 − α/3) is true, we can apply it to the tubes contained in
each of the θ-tubes Tθ ∈ Tθ. We conclude that
µfine . C−C/ε11 λ
− 47
28
Y ′ (δ/θ)
−α−ε/2
(
(δ/θ)3|T|/|Tθ|
)α/3
. C−C/ε11 λ
− 47
28
Y ′ (δ/θ)
−α−ε/2
(
(δ/θ)3|T|/|Tθ|
)4α/63
A−17α/63,
(102)
where the implicit constant depends on ε, ε1, ε2, and α. On the second line we used the fact that
there are ∼ A tubes in Tθ pointing in each θ-separated direction, and each of these θ-tubes contain
. A−1(θ/δ)3 tubes from T′.
Combining (101) and (102), we have
µY ′ /
(
C
−C/ε1
1 λ
−4α
7
Y ′ θ
4α−21
21
−ε/2A
17α
63 (θ3|Tθ|)
4α
63
)
·
(
C
−C/ε1
1 λ
− 47
28
Y ′ (δ/θ)
−α−ε/2
(
(δ/θ)3|T|/|Tθ|
)4α/63
A−17α/63
)
≤ C−C/ε11 λ
− 4α
7
− 47
28
Y ′ θ
25α−21
21 δ−α−ε/2(δ3|T|)4α/63.
(103)
By Corollary 20, we also have the estimate
µY ′ / λ−9/4Y ′ θ
−1δ−3/4−ε/2(δ3|T|)3/4. (104)
Interpolating these two estimates, we have
µY ′ /
(
C
−C/ε1
1 λ
− 4α
7
− 47
28
Y ′ θ
25α−21
21 δ−α−ε/2(δ3|T|)4α/63
) 21
25α
·
(
λ
−9/4
Y ′ θ
−1δ−3/4−ε/2(δ3|T |)3/4
)1− 21
25α
/ λ
12
25α
− 273
100
Y ′ δ
63
100α
− 159
100
−ε/2(δ3|T|) 241300− 63100α .
(105)
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Observe that if 3/4 ≤ α ≤ 1, then α′′ ≤ 3/4, and thus
12
25α
− 273
100
≥ −9
4
≥ α′′ − 3. (106)
Thus
µY ′ / CC/ε11 δ−ε/2λα
′′−3
Y ′ δ
−α′′ . (107)
This inequality is the second term in (96), so we have proved half of the inequality. Our next task
is to establish the remaining half of (96).
From Theorem 15, we have the estimate
µY ′ / λ−1Y ′ δ
−1(δ3|T|)1/2. (108)
Interpolating these two estimates, we have
µY ′ /
(
λ
12
25α
− 273
100
Y ′ δ
63
100α
− 159
100
−ε/2(δ3|T|) 241300− 63100α
) 50α(3−2α)
189−91α
·
(
λ−1Y ′ δ
−1(δ3|T|) 12
)1− 50α(3−2α)
189−91α
≤ C−C/ε11 λ
346α2−433α−234
14(27−13α)
Y ′ δ
118α2−121α−189
378−182α (δ3|T|)α/3.
(109)
Note that if 3/4 ≤ α ≤ 1, then
346α2 − 433α− 234
14(27− 13α) ≥ −
321
196
> −47
28
Thus
µY ′ / CC/ε11 δ−ε/2λ
− 47
28
Y ′ δ
−α′(δ3|T|)α/3. (110)
The estimates (107) and (110) give us (96).
Lemma 40. Let α = 1128(257−
√
17665) and let d0 = 3 +
1
600(
√
17665− 97). Then for each ε > 0,
Assertion TE
(
4− α− ε, 75
28
, 1− α/3) is true, (111)
and
Assertion TE
(
d0 + ε, d0 − ε, 0
)
is true. (112)
Proof. We will begin with (111). When α1 = 1, Assertion TEδ(4 − α1, 7528 , 1 − α1/3) is implied
by Assertion TEδ(3, 2, 2/3), which follows from Theorem 15 and Proposition 14. For each k ≥ 1
suppose that Assertion TE(4− αk, 7528 , 1− αk) is true, and define
αk+1 =
118α2k − 121αk − 189
378− 182αk .
Then Lemma 38 implies that Assertion TE(4 − αk+1, 7528 , 1 − α/3) is true. Since αk+1 ≤ αk, this
implies that Assertion TE(4− αk+1, 7528 , 1− αk+1/3) is true. Observe that αk ↘ α. Thus for each
ε > 0, there is an index k so that αk ≤ α+ ε. We conclude that (111) holds.
For (112), note that for each ε > 0, (112) follows from Lemma 38 and (111).
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We are now ready to prove Theorem 2.
Proof of Theorem 2. Let T be a set of δ-tubes in R4 that point in δ-separated directions and let
ε > 0. Without loss of generality we can assume that |T| ∼ δ−3, since if this assumption fails
then we can add additional tubes while maintaining the requirement that the tubes in T point in
δ-separated directions. Doing this can only increase
∥∥∥∑T∈T χT∥∥∥
d/(d−1)
.
For each tube T ∈ T, let T ′ be the union of all δ-cubes that intersect T . In particular, we have
T ⊂ T ′, and the function ∑T∈T χT ′ is constant on each δ-cube.
Since the function
∑
T∈T χT ′ must take integer values between 1 and |T| . δ−3, by dyadic
pigeonholing we can select an integer µ and a set X ⊂ R4 that is a union of δ cubes so that∑
T∈T
χT ′(x) ∼ µ for every x ∈ X,
and
|X|(d−1)/dµ '
∥∥∥∑
T∈T
χT ′
∥∥∥
d/(d−1)
≥
∥∥∥∑
T∈T
χT
∥∥∥
d/(d−1)
. (113)
For each T ∈ T, define the set Y (T ) = T ′ ∩ X; we have that Y (T ) is a union of δ-cubes that
intersect T , so it is a shading of T in the sense of Definition 5. By construction we have µY ∼ µ,
and ∑
T∈T
|Y (T )| = µ|X|.
In particular, this implies
λY =
µ|X|
δ3|T| ∼ µ|X|. (114)
Lemma 40 and Proposition 11 imply that
|X| =
∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cελdδ4−d+ε, d = 3 + 1
600
(
√
17665− 97), (115)
and thus
µ ≤ c−1ε λ1−dδd−4−ε. (116)
Combining (113), (114), and (115), we have∥∥∥∑
T∈T
χT
∥∥∥
d/(d−1)
. |X| d−1d µ
= (|X|µ) d−1d µ 1d
/ λ
d−1
d
Y
(
c−1ε λ
1−dδd−4−ε
) 1
d
= c1/dε δ
1−4/d−ε/d.
A Is the planebrush estimate sharp?
In this section we will informally explore the question of whether the planebrush estimate is sharp.
In [4],  Laba, Tao, and the first author considered the Heisenberg group
H = {(z1, z2, z3) ∈ C3 : Im(z3) = Im(z1z¯2)}.
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The closure of H∩B(0, 1) is a compact subset of C3 that has many of the properties of a 5/2 dimen-
sional counter-example to the Kakeya conjecture in R3. In particular, it is a 5/2 dimensional subset
of C3 (here we mean the dimension of the set is 5/2 times the dimension of the underlying field C)
that contains a two (complex) dimensional family of complex lines, and these lines satisfy a natural
analogue of the Wolff axioms. Since Wolff’s hairbrush arguments from [11] apply equally well to
the set H ∩ B(0, 1), we say that Wolff’s hairbrush arguments cannot distinguish the Heisenberg
group from a genuine Besicovitch set. Informally, we say that Wolff’s hairbrush argument is sharp,
since it cannot be improved without incorporating additional information about the configuration
of lines (for example, the fact that the lines point in different directions or that the underlying field
does not contain a half-dimensional subfield).
It is an interesting open question whether there exists a field F and a set X ⊂ F 4 of dimension
3 + 1/3 (or perhaps cardinality |F |3+1/3 if F is finite) so that X contains a 3 dimensional family
of lines satisfying the Wolff axioms, with the property that for each point x ∈ X, the lines passing
through x are coplanar (i.e. they are all contained in a common plane). If such a set exists, it would
suggest that the planebrush argument from Section 5 is “sharp,” in the same sense that Wolff’s
hairbrush argument is sharp.
We hypothesize that if such a set X ⊂ F 4 does exist, then it is likely of the following type.
First, the field F is a degree-three field extension of some smaller field K, and X is a low-degree
10-dimensional subvariety of K12. To date, however, the authors have been unsuccessful in either
finding such a set X ⊂ F or in showing that no such example of this type can exist.
B Some Remarks on the Kakeya problem in R3
In [7], the authors proved the following volume estimate for unions of tubes in R3.
Theorem 41 ([7], Theorem 1.2). There exist positive constants C (large) and c > 0, ε0 > 0
(small) so that the following holds. Let δ > 0, δ ≤ λ ≤ 1, and let (T, Y ) be a set of δ-tubes and
their associated shading that satisfy the Wolff axioms. Suppose that
∑
T∈T |Y (T )| ≥ λ. Then∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cλCδ1/2−ε0 . (117)
Theorem 41 immediately implies that every Besicovitch set in R3 has Hausdorff dimension at
least 5/2 + ε0. Theorem 41 does not immediately yield a maximal function estimate, because the
exponent of λ in (117) is wrong—an exponent of λ5/2+ε0 is required in order to obtain a maximal
function estimate.
However, the same argument used in Section 7 can also be used to upgrade Theorem 41 to a
maximal function estimate. Indeed, recall the following consequence of Wolff’s hairbrush argument
in R3:
Theorem 42 (Wolff Hairbrush Estimate). There exists an absolute constant C so that the following
holds. Let δ > 0, δ ≤ λ ≤ 1, ε1 > 0, and let (T, Y ) be a set of δ-tubes and their associated shading
that satisfy the Wolff axioms. Suppose that
∑
T∈T |Y (T )| ≥ λ and that (T, Y ) is (ε1, λ)-two-ends.
Then for each ε > 0, there exists a constant cε > 0 so that∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cελ2δ1/2+ε+Cε1 . (118)
The proof of Theorem 42 is essentially the same as the proof of Theorem 15. Observe that
an analogue of (118) with the exponent λ5/2 would be sufficient to establish a maximal function
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estimate in R3 at dimension 5/2. Thus we can interpolate (118) (which has a better than necessary
λ exponent) with (117) (which has a worse than necessary λ exponent) to obtain an improved
maximal function estimate in R3:
Theorem 43 (Maximal function estimate in R3). There exist absolute constants C (large) and
ε0 > 0 (small) so that the following holds. Let δ > 0 and let T be a set of tubes that satisfy the
Wolff axioms. Then ∥∥∥∑
T∈T
χT
∥∥∥
d
≤ Cδ1−3/d, d = 5/2 + ε0. (119)
Note that the constant ε0 > 0 is smaller than the corresponding constant in Theorem 41.
Proof. Using the standard two-ends reduction (see Proposition 11 and the accompanying remark;
Proposition 11 is stated for tubes in R4, but an analogous statement holds in any dimension), it
suffices to prove the following. Let ε1, ε2 > 0 be sufficiently small. Then there exists ε0 > 0 so that
the following holds. Let (T, Y ) be a set of tubes and their associated shading. Suppose that the
tubes satisfy the generalized Wolff axioms; |T| ≥ δ−2+ε1 ; |Y (T )| ∼ λ for each T ∈ T; and (T, Y ) is
(ε2, δ
−1λ) two-ends. Then ∣∣∣ ⋃
T∈T
Y (T )
∣∣∣ ≥ cλ5/2+ε0δ1/2−ε0 . (120)
The estimate (120) follows from averaging appropriate powers of (117) and (118).
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